Chapter 4

Uniform CLT for Markov
chains with a general state
space

4.1 Introduction

Let (S, G, P) be a probability space and let F be a set of measurable functions
on S with an envelope function F' finite everywhere. Let Xi, X5, ... be a
strictly stationary sequence of random variables with distribution P, and
define the empirical measures P,, based on {X;}, as P, =n"'>""  dx,. We
say the uniform CLT holds over F, if n%(Pn — P) converges in law, in the
space [*°(F) to a Gaussian process. Of course, [*°(F) is not separable unless
F is a finite set, but Giné and Zinn [7, p56] includes a suitable definition of
weak convergence in non-separable spaces.

Define the covering number of F with respect to L?(S, Q) by letting, for
e > 0, Ny(e, F,Q) be the minimum m for which there exists ¢, ..., g, in
LP(Q) such that, for all f € F, || f — gi |zr(@)< €, for some 1 < i < m.
Pollard [12] defined a combinatorial entropy

N2(€7JT) :Sgp(N2(€7JT7 Q))

where the sup is taken on all the measures on S with finite support, and
proved a uniform CLT for the functions class F with envelope F in L*(P)



satisfying
/ [log Ng(g,]:)]%dg < 0. (4.1)
0

Dudley [6] proved the above combinatorial condition (4.1) is satisfied
in the case where the subgraphs of the functions in F are a VC class of
sets. Levental [9] extended Pollard’s result to regenerative processes, whose
renewal times satisfy

E(Ny — N;)**7 < oo for some v > 0,

for a uniformly bounded family of functions satisfying the condition (4.1).
He also applied the regenerative process result to Harris recurrent Markov
chains by embedding Markov chains into a regenerative structure [2, chapter
1].

More precisely, Levental proved a uniform CLT for Markov chains over
uniformly bounded classes of functions satisfying (4.1), provided

supE, (7¢)*T7 < oo (4.2)
xeC

for some v > 0 where 7¢ = min{k : Xy, € C}, C is a small set, and m is
the order of C' [2, section 1 of chapter 1].

We will weaken the condition (4.2) to ergodicity of degree 2 and generalize
the family of functions from uniformly bounded to the condition that its
envelope function F is in L? and the CLT holds for F.

Using an empirical process CLT for stationary sequences satifying a mix-
ing condition [1], one can obtain similar results. However, these results re-
quire the envelope function of the function class in L?(P) for some p > 2. We
will give a example such that our conditions hold, but the envelope function
F ¢ LP(P) for all p > 2. For a uniformly bounded family of functions, the
mixing approach needs the absolutely regular mixing coefficient

G = O(k™7) for some v > 1. (4.3)

We also give another example such that E(N, — N;)? < oo i.e. our condition
holds, but (4.3) fails.



4.2 Uniform CLT for regenerative processes

Let (S, G) be a measurable space and let F be a family of G/B(R.) measurable
real functions on S, where B(R) is the borel o-algebra of R.. Since we need to
take a supremun over F and F is not necessary countable, some restrictions
have to be made on F for measurability considerations. (see [8, p8] and [13,
appendix C])

Definition 4.1.

(1) We call a set analytic if it is a subset of Polish space which is a continuous
image of some Polish space. (A Polish space is a complete separable metric
space, and see [5, chapter 3] for properties of analytic sets.)

(ii) F is called a permissible set of functions if

(a) F can be identified (set theory isomorphism) as an analytic subset of a
compact metric space and

(b) the function g : S x F —R defined by g(s, f) = f(s) for f € Fands € §
is G x B(F)/B(R) measurable, where B(F) is the borel o-algebra generated
by the metric on F.

With the above definitions, the measurability problems in this chapter
can be treated as in [8, p8]. For examples of permissible sets, observe that
a countable collection of measurable functions is permissible, and also that
F ={lwp :a,beR,b> a} is a permissible set.

A regenerative process, informally speaking, is a stochastic process that
can be divided into blocks which are identically distributed and independent.
To state the results, we need a formal definition and some notations [9].

(i) S is a set and G is a o-algebra of subsets in S.

(i) © stands for the set of all sequences {y;}1<i<eo such that y; = (x;, ¢;)
where x; € S and ¢; € {0, 1}.

(iii) X is the minimal o-algebra that makes all the coordinate maps X, :  —
S defined by X,,({y;}) = z, and ®,, : Q@ — {0,1} defined by ®,,({v:}) = ¢n,
»/G and ¥/2{%1} measurable respectively.

(iv) P is a probability measure on {2, ¥}.

(v) Ni = min{j > 1: >, ;% = i},i = 1,.. or N; = oo if the set
that we minimize over is empty. {N;} are called renewal times. For every
1 > 1 N; is a stopping time relative to the increasing sequence of o-algebras
(c{W1, ..., Wy })1<n where by W,, we denote the coordinate maps W, ({y;}) =
Yn- Un, is the o-algebra associated with the stopping time N;, i.e. : Gy, =



o{Winn, + k= 1,2,...}. 0y is a shift operator: Oy : {y;}i>1 — {Yizr}i>1 for
every k > 1.

Definition 4.2. {X;} will be called a regenerative process if N; < oo
almost surely for every ¢ > 1 and if for every f : 2 —R which is bounded
and X/B(R) measurable,

The following two properties of the process {W;} are equivalent to the
above definition:
(i) The post N;+1 process is independent of the occurence up to and including
N;, and
(ii) L(Wnyt1y-)) = LI(Wn,41,...)) foralli=1,2,...

We assume that (N, —Np) < oo and denote g = E(Ny— Njp) throughout
the paper. Define

m(A) = lE( > 1a(X;) forall ACS.

K N1<j<N3

Then 7 is a probability measure on S (called a steady state distribution), and
by [10, chapter 10] is the usual invariant probability measure for a Markov
chain. For all f € L'(S, )

n! Zf(Xk) —7(f) as.

See [3, theorem 1, p92] for the proof. (where the statement is formulated
for Markov chains but the same proof will work for regenerative processes).
Define the centered sum

We have the following theorem.

Theorem 4.3. Suppose E(Ny, — Np)? < co. Let F be a permissible family
of functions on S satisfying

/Ooo[log Ny(e, F)|2de < oo, (4.4)
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and such that the envelope function F' satisfies

E[ Y  F(X))) < oo (4.5)

N1<j<N2

Then the uniform CLT holds over F. That is, {n"25,(f)} e converges in
law, as random elements of [*°(F), to a Gaussian process indexed F whose
sample paths are bound and uniformly continuous with respect to the metric

L*(S, 7).

Remark. The condition (4.5) implies F' € L*(S,7) as in the remark af-
ter Theorem 2.2 in Chapter 2. Hence suppose {X;} is a positive recurrent
Markov chain taking values in a countable state space and let N; be the i-th
hitting of a fixed state. Then {X;} is a regenerative process with renewal
times N; and we can apply Theorem 4.3 to it.

Proof of Theorem 4.3. We follow the proof of Theorem 4.9 in [9]. First

we denote -
s =Js
n=1

and define
Zy = (XNk+1? "'7XNk+1)

fork =1,2,3,..on 5. Let P' = L(Z;), and P, be the n-th empirical measure
of P'. For f:S —R, f': S’ —R is defined by

Denote Yi(f) = f'(Zx). Let ' = {f": f € F}. Levental showed that F' is
permissble if F is permissble in his Lemma (2.11) (d). Define

0] ={(f,9): frg€ Fill f =9 o< 6}

and
[[6]] = {(f7g) : fag € F’ || f -9 ||L2(P’)< 5}

The main step of the proof is the following lemma.



Lemma 4.4. Suppose E(Ny — N;)? < oo, and (4.4) and (4.5) hold. Then
for every € > 0, there exists § > 0 such that

n

lim supP(supn_% | Z(Yk —um)(f—g)|>e) <e.
" [9] k=1

Proof. We follow the proof of Lemma 4.2 in [9]. The main new step of the
proof is to show that for every A > 0, there exists § > 0 such that [0] C [[A]].
Fix A > 0 and choose M > 0 such that

Bl Y 2P00) i woan] <

N1<j<N2

Take § = A\/2Muy, let (f,g) € [8], we have to show (f,g) € [[\]]. Write
h = f -9, then h' = f, —g' and || h ”L2(7r)< 0. Now

(2 Nz2pn)? = BNy <jany, M)
= E[(3 N, <jen, MX)) Tina-nisany] + Bl vy <o ny MXG)) Lvs—my<any -

The left term is less than ’\72 since | h |< 2F. The right term

B3 nycjeny P(X5)) (N2 — N1) v, Ny <any]
ME[Y y, < jen, *(X5)],

E[(3 N, <jen, M) Liny— vy <any]

IA A

and
2

A
ME] Z W (X5)) = M(|| b || 2 < M6 = o
N1<j<N2
Thus || &' || 2(py< A and hence (f, g) € [A]].
We need to show that for every € > 0, there exists 6 > 0 such that

limsupP(supn ™2 | (P, — P)(f' — ¢) |> ) <e.
n (4]

It is enough to show proved that for every € > 0, there exists A > 0 such that

limsupP(supn2 | (P, — P)(f' — ¢) |> ¢) <e. (4.6)
n [[A]]



We use Lemma 15 in [13, p150]. Since F’ has an envelope F’ in L?(P’) by
(4.5), we only have to show that for every £ > 0 there exists a > 0 such that

lim sup P (/ llog Na(u, F', P))]2du > 5) <e. (4.7)
n 0

Since

1

T P €D /) SN (06)) ) &
< (AT ciem, PN — M)
= ||f||L2(Q) ) (% Zzzl[NkH - Nk]2)§ )

where @ = >3 [Dn, cjenia 0% - (N = Nip)l/ 2251 [Nir — NiJ?, we have

1
2

1/ =g ey <

for f, g satistying || f — gl[;2(g) < e/l > i [Nes1 — Ni2]2. Thus for n large
enough, outside of a set of small probability, we have

N2(5/[%ZZ:1[NI<:+1 - Nk]2]%>f> Q)

<
< No(e/2|E[Ns — Ny 23, F, Q)
< No(e/2[E[Ny — N1, F).

Ng(c?,f’, PT/L)

The last inequality will lead to (4.7) by (4.4).

Lemma 4.5. Let F be a permissible family of functions on S satisfying
1
—log Ni(,F, P,) — 0 in probability for every ¢ > 0, (4.8)
n

and such that its envelope function F is in L'(S, 7). Then

n

Z Ye(f) — uﬁ(f)]' —0 as..

k=1

1
sup—
fern

Proof. Levental proved this result for F uniformly bounded in Lemma (3.2)
of [9]. Using the same method as in the first observation of the proof of
Lemma (3.6) in Levental we can obtain the desired result.
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With some easy modification of Levental’s proof, we also have the follow-
ing Lemma.

Lemma 4.6. Let E(Ny — N;)? < 0o, and assume (4.4) and (4.5) hold. Then
for every € > 0 there exists ¢ > 0 such that

limsupP(supn_% | Sn(f) —Sn(g) |>¢) <e.
n (4]

Proof. This follows from Levental’s proof of Lemma (4.6), i.e

1ulf) = Sul@) < [0 [(f = 9)(35) = w(F = 9)]| + [SH (Vi = um)(f — )
S [(F = 9)(X5) = m(f = g)JH[u(zu 1) = Nigys + N1 - 7(f = 9)|

where [(n) = max{k : Ny < n}.

The first term on the right hand side of the inequality does not depend
on n, thus it converges to zero when divided by /n. The second term
goes to zero following Levental since Lemma 4.5 gives the uniform SLLN
for unbounded F. For the third term, applying the SLLN to the sequence
{Y2(F),k > 1}, we have

'Y Y2(F)— EY?(F) <o a.s.

and hence n~2Y,,(F) — 0 a.s.. Since I(n)/n — 1/p a.s., we have n_%Yl(n)_l(F) —
0 a.s.. Note that

n

sup [ > (f = 9)(X)) |€ Vi1 (2F),

19 J=Nin)—1+1

thus

n

supn”2 | > (f—g)(X;) =0 as.

13 J=Nin)—1+1
Applying the constant function 7(2F') to the above function F', we can obtain

n

supn 2 | Z m(f—9)|— 0 as.

10 J=Niny—1+1
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Thus the third term is also done. The fourth term follows as in Levental’s
proof.

To finish the proof of Theorem 4.3, we now use [13, theorem 21, p157].
Following Levental’s proof, we have asymptotically stochastic equicontinuity
from Lemma 4.6, so only need to make sure that F is totally bounded in
L?(S,m). Note that to show that F is totally bounded in L?(S,7) in a
discrete space, we only need F € L*(S,7). It is easy to show that if F is
totally bounded in L'(S, ) and its envelope function F is in L*(S,7), then
F is totally bounded in L?(S,7). We have F € L?(S,w) from (4.5) and
Levental proved that F is totally bounded in L'(S,7) by letting K = {|
f—gl: f,g € F} and @, be the n-th empirical measure of an i.i.d. process
whose law is 7. Since for every € > 0

Ni(e, K, Qn) < (Nz(%jf))z .

we see that the conditions of the uniform SLLN for @),, are satisfied and we
have

sup [(Qn — m)h| — 0  as..
hek

Hence it follows that F is totally bounded in L(S, 7).

4.3 Uniform CLT for Markov chains

We generalize Theorem 4.3 to weakly regenerative processes, which are needed
for application to ergodic Markov chains.

Definition 4.7. Using the notations of section 2, we call {X;} a weakly
regenerative process if N; < oo almost surely for every ¢+ > 1 and if for
every f:Q —R which is bounded and ¥/B(R) measurable,

E[f(eNHd) ‘ gNi \% U(Ni+1 - NZ)] - E[f(@]vl)]

The following two properties of the process {W;} are equivalent to the above
definition:
(i) The post N;11 + 1 process is independent of the occurence up to and



including N;, and
(ii) L(Wny11y-)) = LI(Wn,41,...)) foralli=1,2,...

We put S* = S U {x} where * denotes an ideal point which is not in S.
We define two processes {E£;} and {O;}, taking values in S*:
O; = X; if Nopy1 < i < Nop 9 for some k > 0 and O; = * otherwise
E; = X; if Nop < i < Nogyq for some k£ > 0 and E; = % otherwise.
Then {O;} and {E;} are regenerative processes taking values in S*, with re-
newal times {Ny; }i>1 and {Ny;11}i>1 respectively. Every function f: S —R
will be considered as defined on S* with the identification f(x) =

Levental’s weakly regenerative process approach can now be applied to
unbounded F. That is, we have the following theorem.

Theorem 4.8. Let {X;} be a weakly regenerative process with renewal
times N; satisfying
E(Ny — Np)? < o0

Let F be a permissible family of functions on S with envelope function F'. If

/ llog Ny (e, F)|2de < oo,
0

and

Y F(X

N1<j<N2

then the uniform CLT holds over F, i.e. {n_%sn(f)}fe}‘ converges in law to
a Gaussian process indexed F in the sense of Theorem 4.3.

Proof. We need stochastic equicontinuity, i.e.

limsupP(supn_% | Sp(f) —Sn(g) |>¢) <e. (4.9)
n 1]

Let S7(f) = 2252, (f(05) —5m(f)) and S (f) = 327_, (f(E;) = 57(f)). Since
f(Xj>:f( ]) f( J)
) —

1 Su(g) [> ¢) < P(SE]P"_% | SP(f) = SP(9) > £/2)

P(S&pn‘ﬁ | Su(f
+P(s[u]1:m‘é | SE(f)—SE(g) |> €/2).
)
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Thus (4.9) follows from applying Lemma 4.6 to {O,} and {E;}.

Consider a Markov chain { X;};>o with state space (.5, G), transition prob-
ability P(x, A) and n-step transition probability P"(z, A) for each n > 1.

The chain {X;};>0 is called irreducible if there exists a o-finite measure
@ on (S, G) which we call an irreducibility measure for {X;};>o, such that for
every A€ g

p(A) >0 = ZP”(m,A)>O for all z € S.

n=1

There exists a measure ¢ on (S, G) which we call maximal irreducibility mea-
sure for {X;}i>o, such that ¢ is an irreducibility measure and that all other
irreducibility measures are absolutely continuous w.r.t. ¢ [11, proposition
2.4]. Write

gr={A€g:p(A) >0},

where ¢ is a maximal irreducibility measure.
The chain {X;};>o is called Harris recurrent if

P.(X,€ A io)=1

forallz € Sand all A€ g™.
A o-finite measure 7 is called invariant if

m(A) = /P(iE,A)?T(dLE) for all A € g.

{Xi}i>0 is called positive if the invariant measure exists uniquely and is
finite.

A irreducible Markov chain satisfies the following minorzation condition
[11, theorem 2.1]. That is, there exists C' € G* such that

P> blp @ v (4.10)

for some integer m > 1, some b > 0, and some probability measure v on
(S,G). In this case we call C' a small set and the smallest m satisfying
(4.10) is called the order of C.

In the case that S is a countable state space we can take C' = {z(} and
v(A) = P(xg, A), thus m = 1.
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Fix a small set C' together with a probability measure v on (S,G) such
that (C,v) satisfies (4.10) for some m > 1 and v(C) > 0. Let d be the
greatest common divisor of the set

{m >1: there exists b > 0 such that (4.10) holds}

By [11, theorem 2.2], d does not depend on the particular choise of (C,v).
The chain {X;}i>o is called aperiodic if d = 1.
The chain {X;};> is called ergodic if it is positive, Harris recurrent and
aperiodic. Let
Ta=inf{n >1: X, € A}.

The chain {X;};>0 is called ergodic of degree 2 [11, proposition 5.16 and
section 6.4] if it is ergodic and

E.ma <o forall Ae g™, (4.11)

where 7 is the invariant measure.

Using the split chain technique [2, chapter 1], ergodic Markov chains can
be embedded in a weakly regenerative structure. That is, if {X;} is a ergodic
Markov chain, then by Theorem 2.2 of chapter 1 in Chen, {X;} is a weakly
regenerative process with renewal times

N; =m7(i) + m — 1,

where 7(i) is defined in [2, (2.19) of chapter 1] and m is the order of some
fixed small set.
. From Proposition 5.16 of Nummelin [11], (4.11) is equivalent to

/ m(dz)E, 75 < oo forall A€ G'. (4.12)
A

Hence (4.31) of chapter 1 in Chen holds by taking p(s) = s* and £ = 1 in
Theorem 4.1 of chapter 1 in Chen. Furthermore, by Theorem 4.6 of chapter
1 in Chen we have E(Ny — N;)? < oo. Thus ergodicity of degree 2 implies
E(N, — N})? < oc.

By Theorem 2.3 of chapter 2 in Chen, F € L2(r) and that n=25,(F)
converges in law to a normal distribution, imply

E[ Y (F—a(F)X)P < oo

N1<j<N3
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Then, since E(N; — N1)? < oo, we have

E[ Y F(X)P <o

N1<j<N2

Hence we have the following theorem.

Theorem 4.9. Let {X;} be a Markov chain which is ergodic of degree 2. Let
F be a permissible family of functions on S with envelope function F € L?(7)
such that

/Oo[log Ny(e, F)|2de < oo, (4.13)

and assume n_%Sn(F ) converges in law to a normal distribution. Then the
uniform CLT holds over F, i.e. {n_%sn(f)}fe}‘ converges in law to a Gaus-
sian process indexed F in the sense of Theorem 4.3.

4.4 Compare to mixing results

First we introduce a combinatorial condition on a class of sets. Let C be a
class of subsets of S. For xy, -, z, € S, let

AC(zy, - x,) = card {CN{xy, -2} C€CH <2

and
mc(n) = Sup{AC('rh te '7'rn) X1, T € S}

If m¢(n) < 2" for some n > 1, then C is called a Vapnik-Cervonenkis (or
VC) class. Many classes of interest in applications, such as the class of all
rectangles in R?, are VC classes.

A class F of real functions on S is called a VC graph class if the class

R:={{(s,2):0<x< f(s)or f(s) <z <0}:feF}

of regions in Sx R which lie between S x {0} and the graph of some f € F
is a VC class of sets.

Dudley showed that the VC graph classes satisfy (4.13) in [6]. It is known
that an ergodic Markov chain satisfies some mixing conditions [4]. Using em-
pirical process CLT’s for stationary sequences satisfying some mixing condi-
tions one can also obtain a uniform CLT over the VC graph class. We will
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present examples such that our conditions for Markov chains are less restric-
tive than those required for a mixing process application to these problems.

Arcones and Yu [1] obtained an empirical process uniform CLT over VC
graph classes F under the condition that the envelope function of F is in LP
for some 2 < p < 0o and the S-mixing coefficients satisfy

kP/P=2) (log k)2P—D/P=D 5 0 as k — oo.

For uniformly bounded classes they need that 5, = O(k~7) for some v > 1,
where the mixing coefficients ) are defined by

I
B = 3sup{>_ > |P(A; N B;) — P(A;)P(B;)|; {A;}/_is a partition of the
i=1j=1
sample space in o!, {Bj}‘j]:1 is a partition of the sample space in o7¥,,1 > 1}.

The following example is a Markov chain such that the envelope function F
satisfies our condition for the uniform CLT, but F is only in L2.

Example 4.10. Let {X;} be a stationary Markov chain with transition
probability

ka
AT (4 1) Py =1— Pje

and P,,41 = 1ifn # k? for some positive integer k. Let N; be the i-th
hitting time of state 1. Let F' be a function such that

P2 joq =

F(j) =2 for (k—1)*<j <k

If a > 3, then we have E(N,; — N1)? < oo and

Hence the remark following Theorem 4.3 implies the uniform CLT for this
Markov chain provided F is a permissible VC graph classes with envelope
function F' i.e. VC graph class satisfy condition (4.1) by Dudley’s work.
However,

k—1)

E[F(X,)*" ~ ZQW(QT =
k=1
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for any v > 0, and hence the envelope function F' ¢ LP(P) for all p > 2, and
the results from [1] fails.

For uniformly bounded classes of functions our result only needs E (N — N;)? <

0. The following example show that we may have E (N, — N;)* < oo, but
B # O(k~7) for any v > 1.

Example 4.11. Let {X;} be a stationary Markov chain with transition
probability

nln
(n+1)L(n+1)
where Ln = In(max{e,n}). Let N; be the i-th hitting time of state 1. Then

P(Ny— Ny =n) = (313)°G13)* - - (%) (1~ (i)
= (nLn)"*(1 — (G 9itemm)?) & n > (Ln) 72,

Pn,n—l—l - (

)2,Pn,1 =1- Pn,n—i—l for all n Z 17

since (1 — (%)2) = O(n~'). Thus

nt+1)L(nt1

E(Ny—Ni)*=> n’P(Ny—=Ny=n)~ Y n'(Ln)™> < o0

n=1
Recall that mixing coefficients ) is defined by
I J
B = 3sup{>_ > |P(A; N B;) — P(A;)P(B;)|; {A;}/_is a partition of the

i=1j=1
sample space in o!, {Bj}‘j]:1 is a partition of the sample space in o7¥,,1 > 1}.

We take
lzl, Alz{Xl :1}, AQZAE,

J
B]:{Xk+1:k‘+1+j} fOI'jzl,Q,"',J and BJ+1:(UBj)C.
j=1
Note that P(A; N B;j) =0 for j =1,2,---,J. Thus
oL 4 > 1 1
- )~ 2 x .
2 z:: (Bi) ;((k‘—l—1+j)L(k‘+1+j)) k(log k)2
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