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Abstract—Quantum systems are promising candidates of future
computing and information processing devices. In a large stem,
information about the quantum states and processes may bedomplete
and scattered. To integrate the distributed information we propose
a quantum version of probabilistic graphical models. Varisbles in
the model (quantum states and measurement outcomes) are kied
by several types of operators (unitary, measurement, and nnge/split
operators). We propose algorithms for three machine learmg tasks
in quantum probabilistic graphical models: a belief propagation
algorithm for inference of unknown states, an iterative algrithm for
simultaneous estimation of parameter values and hidden stes, and
an active learning algorithm to select measurement operats based
on observed evidence. We validate these algorithms on sinatéd data
and point out future extensions toward a more comprehensiveheory
of quantum probabilistic graphical models.

Keywords-quantum states; probabilistic graphical models; belief
propagation; density matrix;

I. INTRODUCTION

Despite quantum computation and information processirg ar
still at the incipient stage, the benefits of characterizintarge-
scale quantum system with probabilistic graphical modals loe
anticipated. For instance, a practical quantum computibcansist
of many gquantum gates. Probabilistic graphical models caist
engineers to simulate the global and local operations o€itfoait,
reconstruct the states from partial measurements, debigriest
vectors to probe the system, and reverse-engineer an unknow
circuit. In addition, in the future a large-scale, distté network
may convey a large amount of encrypted quantum information
from many users. To reconstruct the faithful quantum infation
a router may need to collect, integrate and pass informdtmmn
its neighbors. For both applications probabilistic graphimodels
will be a relevant and important component.

The goal of this paper is to set up the initial steps for this
mapping. We introduce the fundamental concepts of a quantum
probabilistic graphical model — including the basic indesds,

Quantum computation and information processing have becomthe underlying assumptions, the likelihood function fotation,

active areas in computation and information theory. Uniga¢ures

and several examples of the model. Following the introdictie

of quantum systems — such as superposition of states, neeasumpropose algorithms for three machine learning tasks in tyman

ment interference and entanglement — already provide bidua
tools solving prime factorization [1], search [2], encigpt [3],
teleportation [4], and other problems. Various efforts afiging
machine learning and quantum mechanics have also beensgahpo

probabilistic graphical models. For inference, we derivgiantum
belief propagation algorithm from the sum-product aldorit of
factor graphs. For parameter estimation, we develop aatiter
algorithm combining quantum state estimation and gradisoént.

In the implementation of quantum computers or quantum aptic
devices, one often needs to estimate hidden quantum states o measurement operators according to an information thieangte-
characterize unknown devices. Estimation of quantum statel  rion. Description of each algorithm is accompanied with &ioal
processes is tackled by a variety of methods such as quantufostifications on simulated data. Finally we state the latiitns of

For active learning, we propose an incremental algorithreetect

state tomography [5], quantum process tomography [6], mami
likelihood estimation methods [7], Bayesian methods [8], fnd
maximum entropy methods [10]. Despite their effectivenéssse
methods discard the structure of a quantum system by lungling

the current versions of models and algorithms and discusis th
future extensions.

Il. A GRAPHICAL MODEL OF QUANTUM STATES

the components into a black box. This may not be an adequate In this section we will first provide a background introdocti

approach for a large system that is partially measured (soige
guantum states are measured) and partially identified (soiye
guantum processes are known). In such setting integraficgheo
distributed information is essential to characterize gdaguantum
system.

Integration of distributed information in a large systemwisl|
handled by probabilistic graphical models [11]. Distrigitinfor-
mation in the model can be mapped to local structures of taphgr
such as nodes, edges or cliques. Efficient algorithms andskieu

methods have been invented to infer the states of the vasabl

(e.g., [12], [13]), estimate unknown parameters (e.g.],[1¥B]),

or identify the structure of the model (e.g., [16]). Therefoit

is desirable to map the probabilistic graphical models drairt
efficient algorithms into the quantum systems.

about quantum information processing extracted from Vg then
define probabilistic graphical models in a quantum systethedinit
several special cases of quantum graphical models.

A. Overview of quantum information processing

A quantum statedenotes an unobservable distribution which
gives rise to various observable physical quantities. agtically
it is a vector in a complex space. The Dirac notation desemat
|4) as a column vector, and the row vectap| = [¢)7 as the
Hermitian adjoint (conjugate transpose)|gf. |(|y)|* = 1.

In classical computation, &it denotes the binary state of a
physical entity (e.g., the voltage level of a transiston).guantum
computation, ajuantum bit(qubit) denotes a quantum state which
gives rise to binary observable outcomes (e.g., the spinnof a



electron). Unlike classical bits, a qubit consists of comtim of
guantum states. Each quantum state is a linear combindtittvoo
basis vectors:

[¥) = al0) + Bl1). @
where |a|> + B> = 1. |0) and|1) are conventionally defined as
column vectors (1) and ? but can be replaced by other

orthonormal basis vectors.

|) is not directly observable but can be probed through
measurements. The probabilities of observifgy and |1) are
019)[? = |of? and |(1]w)[* = |5/,

A state in equation (1) is called pure state The underlying
state is a fixed vector despite its measurement outcomegsss
uncertainties. In contrast, mixed statedenotes a probabilistic
mixture of pure states. Mathematically, it is convenienexpress
both pure and mixed statesd@asnsity matrice§l7]. Suppos{|¢;)}
are an ensemble of pure stateés) andp; their mixing probabilities
respectively. The density matrix of the state is defined by

p:Zpi|¢i><¢i|~ @
Quantum states can be extended to multiple qubits. If there i
no coupling (or entanglementin the terminology of quantum
computation) of two quantum states andp., then the joint state is
theirtensor productSupposed and B arem xn andp x ¢ matrices
respectively, then their tensor product isap x ng matrix:

a11B  a12B ainB
a21B  a22B a:nB

A®@B= (3)
amiB  am2B amnB

wherea;;’s are coefficients ofd. Conversely, the density matrix of
each uncoupled quantum state ipatial trace of the joint density
matrix over each subspace. Supp@se= A ® B, then the partial
traces ofC' over A and B are:

B;j = tTA(C)ij = Zk Cik,jk-
Aij = tTB(C)ij = Zk Oki,kj~

A quantum operationQ : p — p’ transforms a density matrix

p into p’. In this work we only consider unitary transformations
U whereUU' = U'U = I. The output density matrix has the
following form:

4)

p'=Q(p) =UpU". )

Another important class of quantum operations are measiem
operators that convert the quantum states into discreteomes
with probability. In this work we consider a special case aan
surement operator§y,, } consisting of orthonormal basis vectors
1y, indexed bym. The probability of observing each possible
outcome iS(tm |p|tom ).

B. Motivation and definition of a quantum probabilistic gragal
model

1) Inference.Given the quantum operations of the system and
the measurement outcomes of some part of the system,
retrieve the underlying quantum states or predict the unob-
served measurement outcomes of the system.

Parameter estimatiorGiven the measurement outcomes, re-
construct the quantum operations and hidden quantum states
of the system.

Active learning.Select the measurement operators that opti-
mize the efficiency of inference and parameter estimation of
the system.

Since these problems have been intensively studied in the
statistical models of classical systems, it is desirabléro their
counterparts in a quantum system.

Probabilistic graphical models are a class of multivarittgis-
tical models where the joint probability mass (density)chions
are decomposed into the products of terms with smaller nuwibe
variables [11]. A great number of statistical models (6Bgwyesian
networks, hidden Markov models, factor graphs) belong ie th
family. Many algorithms and heuristic methods on infere(eg.,
[12], [13]), parameter estimation (e.g., [14], [15]) andiee learn-
ing (e.g., [18], [19]) have been developed for probabigtiaphical
models. Therefore, we propose the formulation ofQaantum
Probabilistic Graphical Modelabbreviated as a Quantum Graph-
ical Model or QGM) and the quantum version of algorithms on
inference, parameter estimation, and active learning.

We construct a quantum graphical model based on the foltpwin
simplifying assumptions. First, we are able to prepare gelar
sample with an identical quantum state. Second, there isois® n
or coupling with the unknown external environment when quan
states undergo quantum operations. Third, there is no &&db
in the system. Thus the inputs and outputs of each operat®n a
clearly defined, and the graph contains no loops. Fourth, two
qubit quantum states are merged into a joint state by a tensor
product. Similarly, a joint 2-qubits quantum state is spiib two
marginal 1-qubit quantum states by taking the partial traeer
each dimension. In other words, entanglement of quantutassis.
destructed if they undergo merge or split operations.

We define a quantum graphical model as a bipartite, directed
graphG = (Vs U Vo, E) consisting two types of nodeds =
V, U V; constitutes unobservable, continuous quantum stétes
and observable, discrete measurement outcomesEach node
v, € V, corresponds to a density matrix and each node; €
Vi corresponds to a vectat for discrete measurement outcomes
over a sample. For instancg,= (no, n1) denotes the numbers of
observing 0 and 1 ovet, + n; measurementd/o = Vy U Var U
Vs constitutes unitary operatofg;, measurement operatovs,,
and merge/split operatofigyss. Each nodevy € Vi, var € Vi
or vams € Vs corresponds to an operatdr, M or MS.

State and operation nodes are connected in the fashion ¢ blo
diagrams. The input and output states of an operator areedja
to the operator inG. The directions of the inputs/outputs depend
on the direction of information flow id7. GG is a Directed, Acyclic
Graph (DAG) according to assumption 3 .

2)

3)

A quantum system constitutes a collection of quantum statesC- Likelihood functions of QGMs

guantum operations and measurements. From a machinenigarni
perspective, there are three types of problems pertaironthe
characterization of a quantum system:

The joint likelihood of a QGM is the probability of a joint
configuration of all quantum states and measurement outome
According to assumption 2, uncertainties dwell on the quant



Figure 1. Operators in the quantum graphical models. Frdnideight: Figure 2. Examples of quantum graphical models. Left: a rgina
measurement, unitary, merge and split operators measurement of a quantum state. The input is a density mataixd the
output is a vector of measurement outconiedvliddle: a quantum hidden

i ho i h . .
rhoin rmen rhotrhoa rhotz Markov model. Density matricep’s are hidden states and measurement
i l i i l outcomesti’s are observed. Right: a quantum Markov random field. For
simplicity the measurement and merge/split operators atestmown in the
M| Ul msi| sy Simpli
l i i l l rho in
nout rho out rho12 rho1rho2 l
S TA TN
M u]
n o/ \C1 €7 XC \

nature of the hidden states alone. The probability of thessitzal
outcomeri of measuremenf\/ conditioned on the hidden state n out
is (the left block in Figure 1):

d
P(i|M, p) = Hwi'p'w»ni' © D. Examples of quantum graphical models

=t Based on the construction principles above each probabilis
where {;}¢_; constitutes a set of orthonormal basis vectors forgraphical model has a corresponding quantum graphical imode
M andn; is thei” component off. We elaborate three examples.
The relation between the input and output density matriées o~ 1) Binary measurements of a quantum stafdte left diagram
unitary operator is deterministic. Thus the conditionadlqability ~ of Figure 2 shows the simplest QGM: measurement of a 1-qubit
of the output of a unitary matrix is an indicator functiongtimiddle ~ quantum state. The input of measuremaiitis a density matrix

left block in Figure 1): p and the output is a vectot = (no,n1) of binary measurement
outcomes.M constitutes two orthonormal basjg,) and |i1).
P(p2|U. p1) = 6(p2, UpaU"). () According to equation (6P (7| M, p) = (10| p|tbo)™ (11| plepr)™ .

) ) 2) Quantum hidden Markov models (QHMM)nlike classical
whered(z1,22) = 1if 1 = 2> and0 otherwise. ~ systems, measurements using a single set of basis vectors do
A merge operator combines two quantum states of lower dimenpot syffice to determine a quantum state. To fully charasesi
sions into a joint quantum state of a higher dimension. AdiCD't0  guantum state one can pass the density matrix into a caséade o
assumption 4, the uncoupled joint state is the tensor ptasfibe  pjtary operators. This is a quantum version of hidden Marko
two inputs. Hence the conditional probability is also anitatbr  models in the middle diagram of Figure 2. Transitions of the
function (the middle right block in Figure 1): hidden states corresponds to the unitary operators cangect
_ consecutive quantum states. Noisy observations corrdsfothe
P(p12|MS, pr, p2) = 6(p12, 1 ® p2)- ®)  measurements of the quantum states. The likelihood is

Reciprocally, a split operator divides a joint quantum estat ; _ Hwk'plwwm,k,[n 8(pita UipiU_T).HOZ}k|pi+1|wk>ni+l,k].
into two marginal states. Following assumption 4 and therise A ; ’ ' .

operation of tensor products, the density matrix of eachgmat (11)
qguantum state is the partial trace of the joint density maiver the 3) Quantum Markov random fields (QMRF)The one-
subspace of another marginal state. This again yields doaited dimensional Markov chain in a QHMM can be extended into a
function for the conditional probabilities (the right blom Figure  two-dimensional grid. The right diagram of Figure 2 show® on

1): example of a quantum Markov random field. The model is divided
P(p1|MS, p12) = d(p1,tra(p12)). ©) into multiple layers along the vertical axis. Each layer tedms
P(p2|MS, p12) = d(p2,tri(pi2)). an infinite number of identical unitary matricé$ that operate

) L ) on 2-qubit density matrices. A 2-qubit input is merged by two
From equations (6)-(9) the joint likelihood of a QGM is 1-qubit outputs emitting from the adjacent unitary opersituf the
L = I 5(puanss Upu,, UT). preceding layer. A 2-qubit output is split into two 1-qubiitputs
Uevy out? o connecting to the adjacent unitary operators of the suiseeksyer.
MSeVirs, O(PMS1z, 1Sy © Prs, ) The output state emanating from eadhis measured by operator
[assevy s, S(prisistra(parsia))d(parsas trilpars:n))- M

HMevM HiWMv: |oar|¥arg, )" Mi . According to equations (8)-(9) the joint states at eachrlépee
(10) the following recursive relation:
wherepy,,, andpu,,,, denote the input and output density matrices nt1 U(pl, @ i U
of unitary operator/, Virs, and Vs, the collections of merge Pcic, PGy S PG (12)

and split operatorspars,, the joint state, antuss,, pas, the Utri(p2yc,) @ tra(plye, U

corresponding marginal statgs, the input quantum state for mea- where p™ stands for a density matrix at layer and Co — Cs
surementM, nas, the count of thei*” outcome for measurement are as labeled in Figure 2. From symmetry the outputs of each
M, andtys, the*™ basis for measurement/. unitary operatorU of the same layer are identical. Thus define



n+1 1

Py, = Peycy = P and pgitl, as the joint states at
layern andn + 1. Equation (12) then becomes:

L= Ultri (o) @ tra(p") U

= p"t

(13) 1)

I1. | NFERENCE ON THE PROBABILISTIC QUANTUM GRAPHICAL

MODELS

Inference on QGMs denotes evaluation of the posterior prob-
abilities of hidden quantum states or unobserved measuteme
outcomes conditioned on observed measurement outcomes. |
classical graphical models, a variety of well-known messag
passing algorithms have been proposed (e.g., [12], [13]).[1
In this section we describe a belief propagation algorithm o
QGMs (abbreviated as QBP) and demonstrate the accuracye of th
algorithm theoretically and experimentally.

nz)

A. Description of the Quantum Belief Propagation Algorithm

! . . . 3
Figure 3. Quantum Belief Propagation Algorithm )
Inputs: A QGM G, evidence€ of observed measurement outcomes.
Outputs: Posterior probabilities of each quantum state and unobdaneasurement
outcome ofG conditioned ore.
1) Initialize each message with a uniform functien(z) = 1.
2) Set the observed variable: factor messages according to evidedte
3) lteratively update messages until all messages converge
a) Variable— factor message update: equation (14).
b) Factor— variable message update: equations (19)-(21).
4) Evaluate the belief function for each variableb(x) =
FeN() my_.o(x). where N(x) denotes the first neighbors of
variablez in G.

correspond to the constraints imposed by the operatorgiQ@®M.
There are three types of factors:

A unitary operatolU incurs a deterministic relation of input
and output density matricgs = Up,U'. The corresponding
factor in a factor graph is an indicator function:

F(prsp2) = 8(p2, UprU"). (16)
For a measurement operatbf, the probability of each out-
comeri is given by a multinomial distribution parameterized
by (% |p|tr). The corresponding factor is:

-1

f(p,7)

[T cwnlolen)™. a7

The multiplying factor(f{) denotes the number of permuta-
tions consistent with. IV is the total number of observations.
A merge/split operato/ S gives a deterministic relation
p12 = p1 ® p2 between the joint statp;> and marginal
statesp1, p2. The corresponding factor is:

f(p12,p1,p2) = 6(p12, p1 ® p2). (18)

The QBP in Figure 3 is the sum-product on the factor graph
described above. The variable- factor messages are updated
by equation (14). For factor~ variable messages updates, we
substitute equations (16)-(18) into equation (15) and inbthe

following rules.

The steps of QBP are summarized in Figure 3. It is a variation 1)
of the sum-product algorithm on classical factor graphg.[23
message is a function associated with a directed pair otadja
variable ¢ € Vs) and factor { € Vo) nodes inG. Information
pertaining to the evidence ¢f is propagated via message functions
throughout the network. Message passing stops when allagess
functions converge. The belief function (marginal protighi of
each variable is the product of all incident message funstio

The key components of sum-product are evidence functiods an
message updates. An evidence functidrfixes a collection of
variables to specific values. There are two types of messages
variable — factor messages and factes variable messages. For
a variable whose value is not fixed I8, the variable— factor
message is updated by the product of factervariable messages
incident to the variable:

H Mg ().

FTEN(x)\f

3)

Ma— () (14)

A factor — variable message is updated by marginalizing the
product of the factor and incoming messages over the ngettar
variables:

mime) = [ 1@ NN T mostidan. a5)

YyEN(f)\=

We translate sum-product into a QBP by constructing a factor

A unitary operatorU. Supposep; and p. are the input
and output density matrices respectively. Then the folhgwi
updates hold:

mmHU(UTPQU)'
mpzaU(Upl UT)'

MU — py (p2)
My —p, (pl)

_ 19)
A measurement operatdf. Suppose and7 are the density
matrix of the hidden state and the measurement outcome
respectively. Then the following updates hold:

f (g)NHk<wk|p|wk>"kmpﬁ(p)dp.
> (3) Tefwelobbn ma-se (i)
A merge/split operatorM S. Supposepi2 is the density

matrix of the joint state angh; and p» the two marginal
states. Then the following updates hold:

mar—z(7)

ma—p(p)

f My —M5(P1)Mpy—ms(p2)d(p12, p1 ® p2)dpidps
My, s (tra(prz))mpy—ms(tri(piz))-
Mprg—Ms(P12)Mpy—ns(p2)0(p12, p1 @ p2)dp2dpi2
Mpo—ms(p1 ® p2)Mmpy—mrs(p2)dpz.
Mp1o—ms(p12)Mp; —ms(p1)d(p12, p1 ® p2)dpidpi2
(

My o —ms(p1 @ p2)mp1~>MS(p1)(dqu)'

MM S—p1o(P12)

M s—pq (P1)

MAS—pg (P2) =

B. Empirical results

graph from a QGM. Variables in the factor graph correspond to We built Quantum Markov Random Fields on 2-qubit quantum
the density matricep and measurement outcom@sf the QGM. states by varying the number of layers from 1 to 5 and fixing the
An evidence functiorf (7i; i) = 6(7, io) fixes the measurement number of unitary operators in each layer to be 5. For eadh gri
outcomeri to the observed valueso. Factors in the factor graph structure we randomly generated 100 initial density mesrin



Figure 4. Error and uncertainty of inference results on 2DRRd with

1-5 layers. Blue crosses: average Frobenious norm distdmeveen the
true and MAP density matrices. Green triangles: averagmsaf the true
density matrices. Red circles: average entropies of postprobabilities

of density matrices.

rror ratelentropy

layer 1 and unitary operators of the following forms:

p = p1®p2.
pi = Yo Pisldu)(bisli=1,2.
(¢io] = cosC;  sinG; )
(par] = —sin(;  cosC; ) (22)
U = U, ®Us.
cost;  sinb; .
Ui = ( —sin0; cosb; ) i=1,2

Simulated measurement outcomes were fed into QBP to easaluar(F2

the posterior probability of each quantum state.
We gauged the quality of inference results with two quasttiti

Errors were measured by the average Frobenius norm distance

from the discrete measurement outcomes. In this work weidens

a special case of parameter estimation. The QGM is a quantum

hidden Markov model where the unitary operatoiis identical at
each step. We describe an iterative algorithm to recortstfuand
p and validate the algorithm on simulated data.

A. Description of the iterative algorithm for parametedtt esti-
mation on QHMMs

Thelog likelihood function of a QHMM is derived from equation
(11):
Lip,U) = Yo Xy e 1og(uulU" pU i)
Do 2o Mik log(yi k| plyi k)

where T' denotes the number of steps,the density matrix of
the initial step,U the unitary matrix at each step, afdy} the
orthonormal measurement basis vectors. Defipg.| = (vx|U".
The goal is to find the maximizer ofL(p,U) subjected to the
constraints that (})is a valid density matrix, (ZJ is unitary.
Simultaneous optimization gf and U is difficult as it requires
solving complicated equations with Lagrange multipliéke adopt
an EM-like approach by iteratively fixing one set of variab{g or
U) and estimating the others. Iteration terminates when pathd

(25)

U converge to fixed points. Figure 5 summarizes the procedures

of the iterative algorithm.

igure 5.

HMMs
Inputs: Measurement outcomes for each step of the QHMM.

Outputs: Maximum likelihood unitary matrixJ and initial density matrixp.

1) Initialize U as a random unitary matrix angas a density matrix with random
orthonormal bases and mixture coefficients.

An algorithm for parameter and hidden state esiimaof

between the true density matrix and the maximum a posteriori 2) lIterate the following two subroutines until both and p converge.

density matrix:

€ =

% Zs \/Zz Zj |p5ij - ﬁsij|2'

where K denotes the number of quantum state variablessating
index of quantum state variables in the QMRE, its simulated

(23)

state, andp, the MAP state inferred from QBP. Uncertainty

was measured by the average differential entropy of theride
posterior probability of each:

Z 2. [ P(ps|€)1og(P(ps|€))dps.

where& denotes observed evidence.

Figure 4 shows the inference errors (blue crosses), matrixs
of the quantum states (green triangles), and uncertai(réescir-
cles) with varying numbers of layers in the model. As expectiee
mean errors are substantially smaller than the matrix narfhke
guantum states. Errors arise from quantization of densdgrioes
in integration instead of the inference procedures. Tloeeefthe
means and standard deviations of the errors are insengititke
number of layers in the model. In contrast, uncertaintieyetese
with the number of layers in the model, since posterior pbdliees
are more concentrated as information from more layers isded.

ho= (24)

IV. PARAMETER ESTIMATION ON QUANTUM HIDDEN MARKOV
MODELS

Parameter estimation in QGMs denotes simultaneous detarmi
tion of unitary operators and hidden quantum states in tk&esy

3) E-step, fixU and optimizep:
a) Initialize p as a random density matrix (equation (26)).
b) Iterate the following routines until both; and|¢;)(¢;| converge.
i) r; optimization: fix|¢;)(¢;| and apply equation (32) to find;.
i) |¢p1)(¢:| optimization: fix ; and apply equations (33), (27), and
(28) to find | ;) (d1]-
4) M-step, fixp and optimizeU:
a) ChooseK random unitary matrices as the initiél’s.
b) For each initialU, iteratively apply equation (39) to updaté&® until it
converges.
c) Find the supremum over the local optimum matrice$/of

Estimation ofp with a fixedU is achieved by a quantum state
reconstruction algorithm described in [7]. A valid densitatrix
can be expressed as

p= Zrl|¢z><¢z|-

1

(26)

where |¢;){¢;|'s are the pure states bases (phases) raisdtheir
mixture coefficients (magnitudes). To estimatewe consider a
small perturbation ofp where r; = r, + dr, and |¢])(¢;| =
S|éi) (¢ ST. Each|gi)(¢| is rotated by an infinitesimal unitary
transformation:

S =e"% x1+icG. (27)

The rotated phases are

l60)(eil = Slon) (]S

6l +istr(G o). PO

Q



where [4, B] = AB — B A. The perturbation ofog likelihood

function is
SL (7, |b1){¢1])

The —dr; terms arise from the constrait’, ~, = 1. Equation

(29) is reduced to
SL(p) = > _({&ul Rlen) — 1)or1 + ietr(Glp, R)).

1

Z (BL(TzM;L)(tmD 1)dr,

+ 22 (Ll |41)(@1]) = L, 1) (enl).
(29)

where R denotes the operator

R yzk yzk
Zykmy i) woel

Estimation of p is achieved by iteratively optimizing; and
|¢1) (). For fixed |¢;){¢:|, find ther; that set the first term in
equation (29) to 0. This is carried out by iterative scalimgdating

r's according to equation (32) until they converge.

o=

For fixed r;, find the |¢;)(¢:| that forces the second term in

(vi,klo0))?

1 —
EZ’“Z t* Wi kles)12

(30)

31)

(32)

equation (29) to be positive. This is carried out by setting

and substituting= into equation (28)r; and |¢;){¢:| are alterna-

G =i[p, R] = i[pR — R'p].

tively optimized until they converge to fixed points.

Estimation of U with a fixed p is achieved by gradient ascent.
We derive the gradient dbg likelihood by differentiating equation

(33)

(34)

(25) with respect tdJ,

5 = ik et a0 (VklUTPU T ).

We derive the following equalities from matrix calculus J21
d(ffcrU)) = I fFU)C)dr )+ (f1U)Ch @ Daff(U).
() = U"[¢r). _ o ‘
daf (U) = [((¥sl® I)(Zl,1 Ui @ Uty Thaut.

(35)
whereC' = p is a constant matrix for a fixeg, dU is a flattened
column vector of differentials of components,,,, anddU" is the

Hermitian adjoint ofdU. From these equalities,

d(ff(U)Cr )

(36)
By substituting equation (36) into equation (34), the geadiof

(I & (Y |UC)-

() @ DT, U7 @ (U~ H)ldut+

((YelUCT @ I)-
(G2, WD @ U/~ I @ (vk)]dU

log likelihood on the(p, ¢) component becomes

n

(VLWea = 2, wrorasay - {LWslU (Wl @ D

DN
>

U@ (U et

j=1

U @ U™ (|9 @ DIp(UT) [¢1) }pa}-

@7

To restrict the gradient on the manifold of unitary matrice®s
introduce a Riemannian gradient proposed by [22]:

VLU) = UVLU)U.

The gradient ascent update Gf becomes

Ut

U=t + VLU Y du!

(38)

(39)

Figure 6. Estimation errors for density and unitary magian 1D
QHMMs with 1-20 layers. Blue crosses: average Frobeniousmtistances
between the true and estimated unitary matrices. Red sirceerage
Frobenious norm distances between the true and estimatstydmatrices.
Green triangles: average norms of the true unitary matridéagenta
triangles: average norms of the true density matrices.

error rate

where U denotes the unitary matrix in thé" iteration anddu?®
is a scalar differential. Following the update rule of eipat(39)
U* converges to a local optimum.

Equation (39) does not guarantee to find the global optimum of
L. WhenU is embedded in a low dimensional space (e.@ a2
real matrix), we observé (U) is nearly periodic. The number of
peaks equals to the number of steps in the QHMM. Thus we can
shift the initial U of gradient ascent multiple times and find the
supremum of the results over multiple trials.

B. Empirical results

We applied the parameter estimation algorithm to the liqubi
QHMMSs. 100 random QHMMs with a varying number of steps
(from 1-20) were generated. Estimation errors were medsure
by the average Frobenius distances between the true (gensit
unitary) matrices and the estimated matrices over the 108ora
trials. Figure 6 shows the average estimation errors of tieny
matrices (blue crosses) and density matrices (red circiet)
varying numbers of steps in QHMMSs. Several observationislatd
the accuracy of the iterative algorithm. First, both typé®wors
are substantially smaller than the matrix norms of the ugitey
unitary (green triangles) and density (magenta triangiesiyices.
Second, both types of errors decrease with the number of step
the QHMMs in the first 10 data points. Third, estimation esror
of unitary matrices are larger than those of the density ioesr
when the number of steps 6 because the data contains more
information of p thanU. For ann-step QHMM the initial density
matrix appears in all thes terms of measurement outcomes, but
the unitary matrix only appears in the last— 1 terms (equation
(11)). Fourth, both types of errors converge to similar galas
more steps are included in the model. This is also sensibtheas
effect of the additional information on density matricedikited
when more steps are included.

V. DETERMINATION OF THE MEASUREMENT OPERATORS

A measurement of a discrete outcome projects a quantum state
onto a one-dimensional space. The number of projectionsedar
by a fixed set of orthonormal basis vectors is smaller than the
number of parameters in a density or unitary matrix. Thesgfo
multiple orthonormal basis sets are required in order toptetaly
determine the underlying density or unitary matrix.



One critical issue is to design the measurement operatats th Figure 7.

maximize the expected information between the estimatedtiy

(quantum state or operator) and measurement outcomes. Th

problem is intensively studied in experimental design [&8[d

Active learning of measurement bases. Postersritaition
uncertainty (entropy) of density matrices with the measmet outcomes
ﬁg)m multiple basis sets. Blue crosses: incrementally cédbasis sets by
mutual information. Red circles: basis sets with randomspha Green
triangles: canonical bases using columns of the identityrirna

active learning [19]. In this section we describe a method of

determining the measurement operators and demonstraigliits
in empirical analysis.

A. An information theoretic criteria for choosing measuesrn
operators

In this work we consider the simplest case of a quantum system

determining a hidden quantum statevia measurements. Suppose
multiple sets of orthonormal basig, - - - , 1, are applied, then
the joint likelihood of p and measurement outcomss, - - - , iy,

is

L(paﬁh' o 7ﬁm;'¢717"' 71/7m) = P(p) H:il Hk<¢lk|p(|41’/}6k>n1k

~(40)
v and

For notation simplicity denote (¢, -« ,¥m)
(i1, - ,fm) = 7.

One sensible criterion for designing the measurement tgysra
1{7’ is to maximizes the mutual information between the undedyi
density matrixp and the expected measurement outcomés

conditioned on all observed data:

I(p; ﬁl|w7ﬁ7 wl) Zﬁ/ fdpP(p|1/},ﬁ)P(ﬁl|p7 77//)
P(pi#! |,7,4")
log(P<pw7,ﬁ,u?')a<ﬁ'\ui,ﬁ;u;)) .
S | doP (o}, )P (i’ |p, 0'):
log( P(ii'|p,d") ).

P/ |h,7,47)
P(p|1/7, i) is the posterior probability ofp conditioned on the
measurement outcomes of orthonormal basis sets:

P(p|4, 1) T2, T, il oltbur) "o+
Z dei:l kamlplwm)’“"

Multiplying factors (ni) are absent in equation (42) because
the observed data,,--- , 7, follow fixed permutation orders.
P(i'|p, 1/7’) denotes the probability of observing a hypothetical
measurement outcomé conditioned on the quantum stateand
the measurement basis s/?ét A multiplying factor (g) is required
since the permutation order of the hypothetical measureman
come is not yet fixed:

P(iilp ) = (%) [Tu(wilpli)™

P(ii' |4, 7,4") is obtained by integrating®(p|v, @) P(i'|p, ¢")
over p:

(41)

1

f

N

(42)

(43)

P(ﬁ’“;: 7_7:7 1/7/) = fdp/% ;7;1 Hl<7;/hl|P|1/hl>n”
() TL (et lolep) ™.

By substituting equations (42), (43) and (44) into equatih),

I(ps |4, 71, 4)) > S Ao T T uelolihun) ™+
() TL, (W lolebh) ™ /
log (X)) + 3, ny, log (W |plwbh) ™) —
log(f dp% Hlil H,zC (ir| plibir) ">
() TL Whlplwi) ™).

(44)

(45)

X information maximizing base}
O random bases
fixed bases

-0.6

normalized entropy

10
# of iterations

We propose an incremental algorithm for choosing the measur
ment operators based on equation (45). Initially set a nando
basis set. In each iteration, apply the current basis setdai

the measurement outcomes. Conditioned on the basis sets and
measurement outcomes in all the preceding steps, find the new
basis set that maximizes equation (45). Continue the iteraintil

a fixed number of basis sets are selected.

B. Empirical results

We applied the active learning algorithm to infer 1-qubitiqu
tum states from multiple sets of measurement bases. 10aidti
qubit density matrices were randomly generated. For eankitge
matrix, 10 trials of inference processes were undertaketih wi
random initial orthonormal bases. We then iteratively getesl
the measurement outcomes and altered the measurement bases
Three methods were applied to select the orthonormal bases i
each iteration: (1)incrementally chose the basis sets timize
the mutual information score (equation (45)), (2)seleadran or-

thonormal basis sets, (3)a canonical orthonormal basi{sét

and are repetitively chosen. To gauge the performance

1
of each method we evaluated the differential entropies ef th
density matrix posterior probabilities in 10 iterationsglre 7
shows the means and standard deviations of the densityxmatri
entropies in each iteration. Several observations confierutility
of the active learning scheme. First, entropy decreasels thi
number of basis sets for all three methods. This is sensibte s
more measurement outcomes lower the uncertainty of thdtgens
matrix. Second, both the mutual information criteria andd@m
bases vyield substantially lower entropy values comparedhéo
canonical bases. Canonical bases have a poor performame si
the increasing amount of data can only determine the didgona
entries of the density matrix but are completely uninfoireaabout
the off-diagonal entries. Third, the mean entropy valuesnfthe
mutual information criteria (blue crosses) are consi$feluwer
than the random bases (red circles) across 10 iteratiotisodgh
the difference margin is much smaller than the margins frbe t



canonical bases, it indicates the gain of including therimftion [4] Bennett, C.H., Brassard, G., Crepeau, C., Jozsa, RgsPé.,
from the observed data in determining measurement baseghfFo Wootters, W.: Teleporting an unknown quantum state via dual
after the first iteration the standard deviations of entropjues classical and EPR channels. Phys. Rev. Lett. 70:1895-15288.
from the mutual information criteria are much smaller thaose
from the random bases. The mutual information criteria stdjoe
subsequent bases so that the entropies quickly converpe fixed
values insensitive of the initial choice. In contrast, ramdbases [6] Chuang, I.L., Nielsen, M.A.: Prescription for experintel deter-
yield a much slower convergence of entropy values, as tinelatel mination of the dynamics of a quantum black box. J. Mod. Opt.
deviations remain high in the first 5 iterations. 44(11-12):2455-2467, 1997.

[7] Hradil, Z., Rehacek, J., Fiurasek, J., Jezek, M.: Maximu
likelihood methods in quantum mechanics. Quantum State Es-

In this study we build probabilistic graphical models on o timation, vol. 649. 59-112. Lecture Notes in Physics. Sgein
systems and propose algorithms for inference, parameteration Berlin/Heidelberg, 2004.
and active learning on quantum probabilistic graphical et®dTo [8] Schack, R., Brun, T.A., Caves, C.M.: Quantum Bayes r@flky.
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Our work is an initial step toward a comprehensive undediten Lecture Notes in Physics. Springer Berlin/Heidelberg,£200
of quantum probabilistic graphical models. Many open pezotd
remain in this direction. Here we list several importanués to
be addressed in the future work. [12] Pearl, J.: Probabilistic inference in intelligent ®ms. Morgan

Parameter estimation of generic QGMs yields complicateslii Kaufmann, San Mateo. 1988.
hood functions and challenging optimization problemshia tvork
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timation). Better approximation methods to handle the darafed

[5] Leonhardt, U.: Measuring the quantum state of light. Gedge
University Press, New York, 1997.
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