Recurrent structural motifs reflect characteristics of distinct networks
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Abstract—In large-scale networks, certain topological patterns mg
occur more frequently than expected from a null model that peserves
global (such as the density of the graph) and local (such as ¢h
connectivity of each node) properties of the graph. Thesaetwork
motifs are the building blocks of large-scale networks and may con-
fer functional/mechanistic implications of their underlying processes.
Despite active investigations and rich literature in systms biology,
network motifs are less explored in social network studiesln this
work, we modified and improved the method from Milo et al. 2002
to detect significantly enriched motifs in both directed andundirected
networks. We applied this method to identify 3-node and 4-nde motifs
from the datasets of 18 networks (4 directed and 14 undirect®
covering social interactions, co-authorships, web docunmé hyperlinks,
neuronal circuitry, protein-protein interactions (PPI), trophic relations
in a food web, and others. Presence and absence of enriched tifo
provide rich information regarding each type of network relations.
In undirected networks, triangles are enriched in almost al datasets,
suggesting the prevalence of transitivity in diverse netwds. However,
4-node structures lacking transitivity — diamonds and stas — are also
enriched in the majority of undirected networks. In directed networks,
variations of feed-forward loops are over-represented in lie networks
of web document and political weblog hyperlinks as well as neonal
connections. In contrast, the food web is enriched with unitectional
motifs with distinct trophic levels. These results reveal lhe nature
of distinct types of networks and invite further explorations on the
relations of network structures and types of relations.

Keywords-network motifs; directed graph; undirected graph; per-
mutation tests;

. INTRODUCTION

preferences based on their social networks [12].

One of the most important topics in intrinsic studies is rotw
motif detection. A motif is a recurrent pattern that appegrs
multiple instantiations of an application domain, such asogy
(protein structural motifs and DNA sequence motifs), mysicsic
ideas of a symphony), literature (recurring narrative @pts in a
story), and visual arts (a graphical pattern that populatean
Islamic textile artwork). These recurrent patterns aresisred
as building blocks of entities (a protein, the promoter ofemey
a symphony, a tapestry), and different combinations of allsma
number of motifs can generate enormously diverse formsi-Sim
larly, a network motif is a graph structure (topology) thaturs
in multiple parts of a large-scale network. The concept dfvoek
motifs was first coined by Alon in systems biology [20]. Hisute
devised statistical methods to detect network motifs wighificant
enrichment [13]. Moreover, they provided functional argums to
support enrichment of certain network motifs in gene regma
networks [14], and experimentally validated these argumém
selected cases [15]. Since then network motif detectiorbbasme
a sub-discipline in systems biology.

In the arena of social networks, sociologists have intehgiv
studied small network structures — particularly diads (peoson
interactions) and triads (three-person interactionsy-aflong time
(e.g., [16], [17]). Faust counted the occurrences of allsjibs

Large-scale networks have ubiquitous presence in a widgeran triads in a variety of social networks and used the occugenc
of phenomena such as communication connections, World Wideount vectors to categorize the interactions encoded ksetbocial

Web document hyperlinks, social interactions, gene régoja
circuitry, and ecological webs. The sheer size of the ndtgjor
inter-dependencies between the constituting membersdigrtse
types of possibly encoded relations make the analysis efarkt
data challenging. Investigations on large-scale netwar&soughly
categorized into two classes. Intrinsic studies probe tharac-
teristics of the networks and attempt to find general progert
beyond individual application domains or the propertieggiring
to specific phenomena. Instances include discoveries distiade-
free” and “small-world” properties of large-scale netwsrkl],
[2], [3], detection of communities in social networks [45]] [6],
propagation of culture/opinions in social networks [7]d @alations
between complexity and stability of ecological network$ [Bx-
trinsic studies exploit external information in additiom network
structures and attempt to employ the information of netvatridc-
tures to understand/predict external features or viceavénstances
include designing network structures to facilitate cablegtion on
certain tasks [9], [10], applying social/cultural/geceteatures to
explain formation of friendships [11], and predicting comeer

networks [18]. However, to our knowledge systematic apgnea
to identify statistically enriched motifs with more than ®des
have not be pursued in social network analysis.

In this work, we modify and improve the method from [13] to
detect significantly enriched motifs in both directed anditactted
networks. We apply our method to detect 3-node and 4-node
motifs from the datasets of 18 networks (4 directed and 14-und
rected) covering social interactions, co-authorships) decument
hyperlinks, neuronal circuitry, protein-protein intetiaos, trophic
interactions in a food web, and others. We first describe the
concept of network motifs and the algorithm to exactly count
network motifs in a graph. We then introduce a null model of
generating randomized networks that retain key charatiesi
— node connectivity and the counts of lower-order motifs — of
the empirical network. Motifs significantly over-represssh in
the empirical network according to the null model are reguhrt
Finally, we discuss the functional/mechanistic implioat of the
presence/absence of enriched motifs.



Table |

NUMBERS OF CONNECTED NETWORK MOTIFS WITH-5 NODES Figure 2. An exact motif counting algorithm

Inputs: A base networkG with n nodes; a complete collection of
type 3nodes 4 nodes 5 nodes network motifsM with m nodes.
undirecied 2 3 71 Outputs: C(G, u), the total number of instances i@ of each
directed 13 199 9364 motif © € M.
Procedures

1) SetC(G,pu) =0 for eachy € M.

2) For each: € M with each permutation order of node indices,
select an order of traversing the decision tree closesteo th
monotonically increasing order of node indices. For instan
the selected traversing order of the chain 2 — 3 is 123,
while the selected traversing order ®f- 3 — 1 is 132.

3) Construct a decision treE with the following procedures.

a) Create a root node with an empty labelL(r) = ¢.
b) Createn children of the root with labels ranging from
1ton.
c) For each internal node in T, find its corresponding
éb @‘O 40—\‘0 node (label)L(v) in G. Find the neighborsV (L(v))
of L(v) in G, and exclude the labels of the ancestors of
v in T from A(L(v)). The remaining labels constitute

:‘fi f E :‘ ): i‘fi the children ofv in T.
) If the path fromr to v in T containsm + 1 nodes

or v has no more valid neighbors, then stop generating
children and treat as a leaf. Otherwise descend to
Il. METHODS each child and continue the iteration.

4) lteratively traverse all paths fromto leaves inT'.

a) If the depth of a leaf node is m+1 and the traversing
order of the path from to v is compatible with the
selected traversing order for the corresponding network
motif and permutation order, then it is a valid path.

b) For each valid pathr in T', obtain the subgrapld:-

f:V(G) - V(H). in G spanned by nodes in. Find the motify € M

isomorphic toG~. IncrementC(G, ) by 1.

Figure 1. 3-node connected structures of undirected amdtdil graphs

o

A. Network motifs

Qualitatively, a network motif is a subgraph structure edybdog
multiple instantiations in a network. In graph theory, isomor-
phism of graphsG and H is a bijection (one-to-one and onto
mapping) between their vertex sets.

such that any node pair,v € V(G) are adjacent if and only if
f(u), f(v) € V(H) are also adjacent. In other words, two graphs
G and H are isomorphic if there exists a bijection mappifiguch
that the adjacency matrices ®f(G) and f(V(G)) are identical.
Isomorphism applies to both directed and undirected graphs

All possible graphs with a fixed nhumber of nodes are partiibn

(n < 1000) and motifs fn < 4), we propose the decision-tree
algorithm in Figure 2 to efficiently count the exact number of
motif occurrences. Briefly, we consider all the-node connected

into equivalence classes according to isomorphisms. Grapthe subgraphs of the base network and count the total numbeoséth

same equivalence class are isomorphic to each other, thus aptPgraphs isomorphic to each motif. The root of the decitiea
considered as belonging to the same graph structure. There aiS @0 €mpty node, and its children include all nodes in thee bas
far fewer graph structures (equivalence classes) than dksitpe ~ "etwork. The children of each non-empty node are its neighbo
graphs for a fixed graph size. Table | lists the numbers ofectent N the base network, excluding its ancestors in the decitiee.
graph structures with node sizes ranging from 3 to 5. Figurel N€ depth of the decision tree is the motif size)( A path from
1 displays all the 3-node, connected structures of direated € root to a leaf corresponds to amnode connected subgraph.
undirected graphs. We define a network motif as an equivalenc 10 @void double-counting, we only consider one traversireo
class according to graph isomorphisms. among aI_I .the paths sharlng the same .nodes. _
Proposition: C(G, 1) obtained from Figure 2 is the exact count

B. Exact counting of network motifs of motif instantiations.

As the name suggests, a network motif is a small graph steictu  Proof: It suffices to show that there is a bijection between all
(e.g., a triangle) that possesses multiple instantiations much  valid paths inT" and all connectedr-node subgraphs ify.
larger base network (e.g., the social network of all stuslémta The unique mapping from each valid pathdhto a connected
school or the interaction network of all human proteins).détect  m-node subgraph iidz is obvious. Each valid path constitutes
these recurrent motifs it is necessary to count the motifimeoces  nodes, and each node along a path is a neighbor of its praceden
in a base network. The upper bound of motif occurrencéxis™ ), nodes by construction. Thus nodes on each path are connected
wheren is the number of nodes in the base network ands the To demonstrate the unique mapping from each connegted
number of nodes in the motif. For relatively small base nekwo node subgraph 7 to a valid path inT', we need to show that



Table Il
RUNNING TIME COMPARISON BETWEEN BRUTEFORCE AND
DECISION-TREE ALGORITHMS OF MOTIF COUNTING t1: 3-NODE
MOTIFS, DECISION-TREE. t2: 3-NODE MOTIFS, BRUTE-FORCE t3:
4-NODE MOTIFS, DECISION-TREE. t4: 4-NODE MOTIFS, BRUTE-FORCE

dataset # nodes t1 to t3 ta
word adjacency 112 <1 1 5 8
karate club 35 <1 <1 1 <1
les miserables 7 <1 <1 1 2
dolphin network 62 <1 <1 <1 1
football tournaments 115 <1 <1 3 10
political books 105 <1 <1 3 7
C. elegansbrain 297 <1l 3 273 576
food web 221 1 <1 33 111

(1)each connectegh-node subgraph ii corresponds to at least

one valid path inT, (2)valid paths inT are unique. Since the
decision tred” covers all possible orders of traversingconnected
nodes, each connected-node subgraph iz corresponds to at
least one path irf. Among all the paths traversing the same
node subgraph, only the one compatible with the selectedrsing
order is labeled as valid. Hence valid pathsTinare unique and
cover allm-node subgraphs it/. Q.E.D.

The time complexity of the exact counting algorithm is

O(nd™ '), whered is the maximum connectivity of nodes @.
It is much smaller than that of the brute-force appro&zn™)
on sparse graphs whete< n. To demonstrate the utility of the
exact counting algorithm, we extracted 7 networks from eiogli
datasets and applied the brute-force and decision-treeitaigs to
count all 3 and 4 node moatifs. In all the cases, the two allorit
gave rise to the same counts. Table Il shows the running tifnibe
two algorithms. The decision-tree algorithm outperforims brute-
force algorithm in all but one case (karate club, 4-node fspfThe
small running time difference in this case is attributedhe small
network size: the overhead of enumerating the traversidgrerfor

all motifs and node index orders exceeds the time of exhaysti
all subgraphs in this small network. The merit of the decisio

tree algorithm is more pronounced as the network size iseea
For instance, on the food web network with 221 nodes, broiteef
counting of 4-node motifs takes 111 seconds, whereas thisialec
tree algorithm takes only 33 seconds.

C. Evaluating statistical significance of network motifofuencies

Figure 3. Top: a subgraph where an edge swdp, CD — AD, BC
preserves the counts of 3-node motifs. Bottom: a subgrapgrevan edge
swapAB,CD — AD, BC annihilates a triangle and creates two chains.
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frequencies. Two common null models were previously engoy
in a wide range of publications. The first null model contrille
size and average densitx—r’]’%g of the network and generates
random Erds-Rényi graphs accordingly (e.g., [20]). This null
model retains the global characteristic of the base netwside
and density) but distorts the properties of individual r&de.g.,
connectivity of each node). The second null model randomigps
edge pairs from the base network (e.g., [19]). A swap on ame edg
pair with distinct nodes (e.g., convertingB and CD into AD
and C'B) does not alter the connectivity of any node. Hence the
perturbed networks retain the global (network size, avedensity,
degree distribution) as well as local (connectivity of indual
nodes) properties of the base network.

Despite the advantages of the second null model, edge swaps
alone may not preserve the statistics of lower-order nétwastifs
from the base network. To claim over-representation ofnan
node network motif, we have to exclude the contributionsnfro
enrichment of network motifs with less tham nodes. For instance,
in networks where triangles are over-represented, theapitity of
observing any 4-node motif containing a triangle is alsvaited
compared to random Edd-Rényi networks or edge-swapped net-
works. Yet this enrichment is due to over-representatiamiangles
instead of the true effects of the 4-node motif.

To incorporate the effects of lower-order motif statistioge
consider only the edge swaps that preserve the numbers ef-low
order motifs. Figure 3 gives examples of one valid edge swap a

A fundamental hypothesis for the existence of network mo-One invalid edge swap. In the top diagram, the subgraph icsnta

tifs is that certain graph structures (topologies) confancf
tional/mechanistic implications thus are over-represgnin the

1 triangle and 2 chains before and after the edge swap. In the
bottom diagram, however, the subgraph contains 1 trianglena

base networks. A classical example is the enrichment of-feedchain before the edge swap and no triangle and 2 chains aftésw

forward loops in the gene regulatory networksksfcherichia coli
[14]. Mangan and Alon argued that feed-forward loops passks
the advantages of stability and quick response times cadpar
simple linear circuits, thus were evolutionary favorabighie gene
regulatory networks.

To detect such functionally/mechanistically favorablewark
motifs, it is necessary to show that certain network stmastiare
over-represented in the base networks, conditioned oneprull
hypothesis regarding the motif distributions in the basevaeks.
The enrichment results depend on the choice of the null ingsi.
An ideal null hypothesis should capture the characteristithe

In Figure 4, we describe a method to test whether an edge swap
preserves occurrences of lower-order motifs.

Notice whenm = 3, edge swaps alone preserve the counts of 2-
node connected motifs (edges). Hence the lower motif praden
criteria in Figure 4 are not needed. Moreover, the edge swdp a
validity test apply to both directed and undirected graphs.

Proposition: The edge swaps passing the test in Figure 4
preserve the counts @¢fn — 1)-node motifs.

Proof: It suffices to show that only subgraphs obtained from
the first step of the test can possibly alter the countgraf—
1)-node motifs. Since the only changes are the swapped edges

base network and exclude the information of the target motif((vi,v2), (vs, v4) before the edge swap arfd;, v4), (vs, v2) after



Table Il
NETWORK DATASETS ANALYZED IN THIS STUDY. * INDICATES
DIRECTED NETWORKS

Figure 4. A test verifying whether an edge swap operatiorsges
occurrences ofm — 1)-node motifs )

Input: A graph G, network motif sizem > 3, edge pair
(v1,v2), (vs,v4).

Output: Whether edge swafui, va), (v3, v4) — (v1,v4), (v3, v2)

. abbreviation description # nodes/# edges
preserves the numbers ¢f — 1)-node motifs inG. web-NotreDame* _ web document hyperiinks 325729/1497134
Procedures celegansneural* C. elegangneuronal network 297/2359
L. . polblogs* political weblog hyperlinks 1493/19091
1) Exhaust all subgraphs containing, v2, vs,v4 and k addi- foodweb* Bridge Brook food web 221/553
tional nodes, wheré < m — 3. Moreover, thek additional CA-HepTh co-authorships on high energy physics 9877/51971
d d_ | ith CA-GrQc co-authorships on general relativity 5242/28980
nodes are connected to at least onevofvz, vs,va Wit CA-CondMat co-authorships on condensed matter physics 337386936
distance< m — 3. netscience co-authorships on network science 1589/2742
adjnoun word adjacency ibavid Copperfield 112/425
2) For each of t.hose subgraphs, count the number of gach Karate Karate club Sosial network 34178
1)-I’10de mOtIf befOI'e and after the edge SWap. lesmis character co-appearance 771254
3) If there exists at least one subgraph &nd— 1)-node motif dolphin dolphin social network 62/159
football football tournaments 115/615

such that the motif cognts before and after the edge swap polbooks co-purchasing relations of US political books  /4@%
on the subgraph are different, then the edge swap does nOtHsapi20101010CR  human protein-protein interactionse cet 1715/1875

preserve the counts Qfm _ 1)-node motifs. Otherwise the Hsapi20101010 human protein-protein interactions, fetl s~ 7389/134842
. Scere20101010 yeast protein-protein interactions 531&P0
edge swap preserves the counts(of — 1)-node motifs. PTT PTT user interactions 39752/77970

the edge swap), only subgraphs containing at least one sdapp

edge can possibly alter the counts (@f — 1)-node motifs. Each III. RESuLTS

such subgraph containgn — 1) nodes, and at least two nodes A. Data sources

belong to{v1, v2, v, v4}. Hence there are at most—3 additional We extracted 18 network datasets compiled from the web-
nodes. Furthermore, only the nodes within distance- 3 from page http://www-personal.umich.eduhejn/netdata/ and addi-
{v1,v2,v3,v4} can be possibly contained in the connedted-1)-  tional sources. Table Ill summarizes the general inforomaif
node motifs. Q.E.D. these networks. They include directed networks of hypksline-

To evaluate the statistical significance of amnode network tween World-Wide-Web documents (web-NotreDame, [21]y-ne
motif, we perturb the base network by performing valid edges  ronal connections of the wornCaenorhabditis elegangcele-
until all the nodes containing swappable edges have beeppgda gansneural, [3]), hyperlinks between weblogs on US pslitic
at once. 100 perturbed networks are generated, and theug-val (polblogs, [22]), and a food web from the Bridge Brook Lake
is the fraction of perturbed networks whose motif countseexc  (foodweb, [23]); undirected networks of co-authorshipshigh
those of the empirical values. energy physics (CA-HepTh, [24]), general relativity (CAQE,

In large and dense networks containing more than 1000 nodef4]), condensed matter physics (CA-CondMat, [24]), antivoek
and/or high connected nodes, exact counting of the entixgones  science (netscience, [25]), undirected networks of woldcathcy
is either intractable or time-consuming. For each periirbet-  of common adjectives and nouns in the nof2zvid Copperfield
work, we identify the nodes undergoing swap operations atvd@  (adjnoun, [25]) and co-appearances of characters in thel h@g
the subgraphs spanned by the swapped nodes in the empirital aMiserables(lesmis, [27]), undirected social networks between 34
perturbed networks. We then count network motifs in the safifgs =~ members of a karate club (karate, [26]) and 62 dolphins {dotp
of the empirical and perturbed networks and evaluate thelpev  [28]), undirected networks of American football games texw
accordingly. This counting is approximate as the non-swdpp Division IA colleges (football, [4]), co-purchasing relats of
nodes may also contribute to the changes of motif countrdiffe books about US politics from Amazon.com (polbooks, [29]),
ences. Yet the motif counts in the selected subgraphs ctfiufidy undirected networks of protein-protein interactions imam (core
reflect the order (not magnitude) of motif abundance betwtben set Hsapi20101010CR, full set Hsapi20101010, [30]) as asthe
empirical and perturbed networks. Thus the approximatetiog  budding yeast (Scere20101010, [30]), and an undirectedonlet
would not drastically distort the true p-values. of user interactions in an electronic bulletin board in tHETP

Notice that our method shares the same goal as the one pibposelectronic board in Taiwan [31]. In PTT users post articles o
by Milo et al.: to preserve the counts of lower-order motiisthe  specified categories (boards), and other users respond fm#ted
randomized graphs [13]. Milo et al. defined an energy fumcids  articles. We created an undirected network of PTT users from
the normalized difference between the counts of lower+onu#ifs the records in May 2010. An edge denotes that two users have
in the empirical and randomized networks. They applied Mir responded to each other’s posted articles.
lis Monte-Carlo sampling to generate randomized netwohksd t
minimized the energy function. Despite the relative siwipli of
implementing the Metropolis Monte-Carlo sampling, the reur Figure 5 displays the enriched 3-node and 4-node motifs in
period for achieving zero energy and the nodes undergoigg ed the 14 undirected networks, and Table IV shows their summary
swaps are not explicitly controlled. In these regards outhmeeof  statistics and p-values. There are only two 3-node, ungideand
explicitly generating valid edge swaps is superior to therbfelis connected network motifs: a 3-node chain (motif 0) and angia
sampling. (motif 1). Despite the overwhelming presence of chainsy te

B. Enriched motifs of undirected networks



not significantly enriched in any the 14 undirected netwoiks
contrast, triangles are significantly enriched in almostoélthe
14 undirected networks. Only two networks — word adjacenay a
karate networks — have insignificant p-values on triang®23(
and 0.1 respectively), while the p-values of all other nekso
< 0.01 (the occurrences in none of the 100 perturbed networks
exceed those in the empirical networks). In addition to ificant
p-values, the gaps of mean triangle occurrences betweeirieshp
and perturbed networks are large in most datasets. In 9alstas
the mean triangle occurrences in the empirical networksrane
than three folds as those in the perturbed networks. An mere
example is the network of co-authorships in network sciefite
mean triangle occurrence in the empirical network (3764)25
times as that in the perturbed networks (30).

Among the six 4-node, undirected and connected motifsgthre
of them are significantly enriched in at least one dataset.-A 3
star (motif 0) has significant p-valuep K 0.05) in 6 datasets:
the co-authorship network in general relativity & 0.03), the
word adjacency networkp(= 0.01), the character co-appearance

Figure 5.

motif 1

as

CA-HepTh
CA-GrQc
CA-CondMat
netscience
lesmis
dolphins
football
polbooks

Undirected motifs enriched in the datasets
motif 3

o

karate
football
polbooks

motif 0

s

CA-GrQc
adjnoun
lesmis

football
polbooks
Hspi201010CR

Hsapi201010CR

Hsapi201010
Scere201010
PTT

motif 2

AN

football

Hsapi20101010CR
Hsapi20201010

PTT

Table IV

NETWORKS ARE CALCULATED.

SUMMARY INFORMATION OF UNDIRECTED MOTIFS ENRICHED IN THE
DATASETS. THE STANDARD DEVIATIONS OF MOTIF COUNTS ARE NOT
APPLICABLE WHEN THE MOTIF COUNTS OF THE ENTIRE EMPIRICAL

network inLes Miserablegp < 0.01), the football network g <
0.01), the co-purchasing network of political books & 0.01),
and the core network of human protein-protein interactigns-
0.02). In contrast to triangles, the gaps of 3-star mean occoe®n
between empirical and perturbed networks are not extraaritly
large. Among all the datasets with significant p-values, rtfean
occurrences in empirical networks are less than two foldhade
in perturbed networks.

Diamonds (motif 3) are also highly significantly enriched<
0.01) in 6 datasets: PTT user interactions, the karate socialankt
the football network, the co-purchasing network of poditibooks,
and both full and core networks of human protein-proteirerint
actions. In all networks, the occurrence frequencies ofndieds
are much smaller than those of 3-stars. However, low ocooere
frequencies may still confer over-representation if theuoence
frequencies of the perturbed networks are even smaller.ifor
stance, in the PTT dataset the mean occurrences of diamoeds a
38 in empirical networks and 17 in perturbed networks. Hence 4
the small number of diamonds are over-represented in the PTT#4
network. In contrast, the mean occurrences of 3-stars a8é 15
and 1592 respectively in empirical and perturbed networkais
3-stars are not over-represented in the PTT network desipite
higher occurrence frequencies.

#nodes index dataset p-value empirical mean/std  perturiesh/std
3 1 CA-HelTh < 0.01  4341/599 336/643
3 1 CA-GrQc < 0.01 32016/1756 1616/3820
3 1 CA-CondMat < 0.01 4156/422 1083/769
3 1 netscience < 0.01 3764/- 30/6
3 1 adjnoun 0.23 284/- 260/29
3 1 karate 0.1 45/- 29/10
3 1 lesmis < 0.01 4671- 166/18
3 1 dolphins < 0.01 95/ 30/6
3 1 football < 0.01 810/ 149/12
3 1 polbooks < 0.01 560/- 176/15
3 1 Hsapi201010CR < 0.01 164/6 4/4
3 1 Hsapi201010 < 0.01 913631/55434 491290/199339
3 1 Scere20101010 < 0.01 1795701/50650 1371269/173110
3 1 PTT < 0.01  9899/1181 1225/1904
4 0 CA-GrQc 0.03 3108/938 2543/970
4 0 adjnoun 0.01 24781/- 24287/251
4 0 lesmis < 0.01 6327/- 6245/44
4 0 football < 0.01 3422/- 3273/39
4 0 polbooks < 0.01 8128/- 7946/55
4 0 Hsapi201010CR  0.02 4184/499 2956/433
4 3 karate < 0.01 36/- 23/5
4 3 football < 0.01 564/- 476/23
4 3 polbooks < 0.01 557/ 499/21
4 3 Hsapi201010CR < 0.01  276/28 20/8
3 Hsapi201010 < 0.01  16351/3122 2712/1174
3 PTT < 0.01 38/25 17/14
2 football 0.02 7536/- 7414/57

(celegansneural), and hyperlinks between weblogs on Uiigsol

The remaining 4-node motifs are either enriched in only one(polblogs): motifs 7, 6, 9, 10, 11 and 12. Five of these siictred

dataset or not enriched at all. A triangle with a danglingee¢igotif

2) is enriched only in the football networlp & 0.02). A cascade
of two triangles (motif 4) has a marginally significant pwalin

the full dataset of human protein-protein interactiops=( 0.06).

A 4-node chain (motif 1) has a marginally significant p-valne
the character co-appearance network@s Miserablegp = 0.07).

Intriguingly, 4-node cliques (motif 5) are not significanénriched
in any undirected network.

motifs are compatible with feed-forward loops. Motif 6 is eefl-
forward loop with unidirectional links. Motifs 7, 10 and lea
feed-forward loops with both unidirectional and bidirectal links.
Motif 12 is a triangle with bidirectional links only. In carast,
motif 9 contains both unidirectional and bidirectionalkiénand is
compatible with a 3-node cycle. The 3-node cycle motif cirig
only unidirectional links — motif 8 — is enriched only in thetwork
of webpage hyperlinks (web-Notredame= 0.04). Furthermore,

motif 8 has much fewer occurrences in all the 4 directed nedsvo

C. Enriched motifs of directed networks

than other trianglular motifs compatible with feed-forddoops.

Figures 6 and 7 display the enriched 3-node and 4-node niotifs For instance, in the dataset of webpage hyperlinks, the mean
the 4 directed networks, and Tables V and VI show their surgmar occurrences of motif 8 in empirical and perturbed networes 12

statistics and p-values. Six 3-node motifs containingntries are

and 3 respectively. In contrast, the mean occurrences df ot

significantly enriched i < 0.05) in the networks of webpage empirical and perturbed networks are 2107 and 1760 respbcti

hyperlinks (web-Notredame), neuronal connection<ofelegans

Three 3-node motifs compatible with chains are enricheg onl



the foodweb network: motif O (two convergent unidirectiblireks,
p = 0.01), motif 1 (a unidirectional 3-node chaip,= 0.01), motif
3 (two divergent unidirectional linkg = 0.01).

15 4-node motifs are enriched in at least one directed n&twor
Eight motifs are compatible with diamonds: motifs 81, 70, 77
88, 94, 84, 118 and 131. Motif 81 contains a source, a sink,
and two intermediate nodes. The 4 unidirectional links aicenf
the source to intermediate nodes or from intermediate néoles
the sink. It is enriched in all the 4 directed networks. Motif
70 contains unidirectional links connecting 2 sources tankss
It is enriched in the networks of neuronal connections Gf
elegans hyperlinks between weblogs on US politics, and the food
web. Motif 88 contains two unidirectional links emittingofn
a source and two bidirectional links converging to a sinkislt
enriched in the networks of neuronal connection€oélegansand
hyperlinks between weblogs on US politics. Motif 118 congaiwo
unidirectional links converging to a sink and two bidirectal links
emitting from a source. It is enriched in the hyperlinks begw
weblogs on US politics. Motif 131 differs from motif 81 by
replacing one source-intermediate node link and one irgdiate
node-sink link with bidirectional links. It is enriched ih& network
of neuronal connections &. elegansMotif 77 differs from motif

Figure 6.
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3-node directed motifs enriched in the datasets
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motif 9
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web-NotreDame
celegansneutral
polblogs
foodweb
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web-NotreDame
celegansneutral
polblogs

web-NotreDame
celegansneutral
polblogs
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polblogs

motif 0

foodweb

motif 1

web-NotreDame web-NotreDame
celegansneutral celegansneutral
polblogs

foodweb

Table V

motif 10 motif 11

web-NotreDame
celegansneutral
polblogs

motif 3 motif 8

web-NotreDame

SUMMARY INFORMATION OF 3-NODE DIRECTED MOTIFS ENRICHED IN

THE DATASETS. THE STANDARD DEVIATIONS OF MOTIF COUNTS ARE

NETWORKS ARE CALCULATED.

NOT APPLICABLE WHEN THE MOTIF COUNTS OF THE ENTIRE EMPIRICAL

70 by replacing one unidirectional link with a bidirectidtiak. It
is enriched in the networks of neuronal connection€oklegans
and hyperlinks between weblogs on US politics.

Three motifs are compatible with diamonds with an additiona
link: motifs 71, 139 and 82. Motif 71 differs from motif 70 by
an additional unidirectional link connecting two sink nedét is
enriched in the networks of neuronal connectionsCofelegans
hyperlinks between weblogs on US politics, and the food web.
Motif 139 differs from motif 70 by an additional unidirectial
link connecting two source nodes. It is enriched in the nétao
of neuronal connections @. elegansand the food web. Motif 82
differs from motif 81 by an additional unidirectional linletween
two intermediate nodes. It is enriched in the food web.

Two feed-forward motifs — motifs 94 and 84 — are enriched & th
networks of neuronal connections Gf elegangmotifs 94 and 84)
and hyperlinks between weblogs on US politics (motif 94)e Bh
node chain (motif 12) is enriched only in the food web. Theifnot
containing three unidirectional links converging to themroon
sink (motif 0) is enriched in the hyperlinks between weblogdJS
politics. Finally, the unidirectional motif containing éwsources,
one sink and one intermediate node (motif 1) is enriched @& th
networks of neuronal connections &f. elegansand hyperlinks
between weblogs on US politics.

IV. DISCUSSIONS

The most important conclusion from our analysis is the over-
representation of selected local structures in networksstMub-
graph topologies are not enriched in any of the 18 datasets- E
tence of network motifs implies that certain structuresedfithe
intrinsic properties of relations or confer functional ianance of
the underlying systems, thus are over-represented in tiveries.
We categorize the 18 networks in this study into severalsels
according to their enriched network motifs.

For undirected graphs, the majority of co-authorship neteo
(CA-HepTh, CA-CondMat, netscience) and the dolphin social
network (dolphins) are enriched with triangles (3 nodestifirig

#nodes index dataset p-value empirical mean/std  perturissh/std

3 7 web-NotreDame < 0.01  1092/209 874/175

3 7 celegansneural < 0.01  312/- 80/9

3 7 polblogs < 0.01  15436/240 6492/1355

3 7 foodweb 0.05 111/- 77/21

3 6 web-NotreDame < 0.01 2107/217 1760/196

3 6 celegansneural < 0.01  1972/- 1427137

3 6 polblogs < 0.01  43530/700 27039/1942

3 9 web-NotreDame < 0.01  43/14 22/9

3 9 celegansneural < 0.01 179/- 140/11

3 9 polblogs < 0.01 3827/58 3287/153

3 10 web-NotreDame < 0.01  7883/1510 6331/1333

3 10 celegansneural < 0.01 542/ 205/13

3 10 polblogs < 0.01 14854/226 8774/689

3 11 web-NotreDame < 0.01 104/31 64/25

3 11 celegansneural < 0.01 148/- 46/7

3 11 polblogs < 0.01 10033/141 6032/450

3 12 web-NotreDame < 0.01 ~ 12482/3859 9343/3038

3 12 celegansneural < 0.01 16/- 3/1

3 12 polblogs < 0.01 2874/51 1220/218

3 0 foodweb 0.01 6338/- 6017/153

3 1 foodweb 0.01 1931/- 1584/175

3 3 foodweb 0.01 1539/- 1244/139

3 8 web-NotreDame  0.04 1217 3/3
Figure 7. 4-node directed motifs enriched in the datasets
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Table VI
SUMMARY INFORMATION OF 4-NODE DIRECTED MOTIFS ENRICHED IN
THE DATASETS. THE STANDARD DEVIATIONS OF MOTIF COUNTS ARE
NOT APPLICABLE WHEN THE MOTIF COUNTS OF THE ENTIRE EMPIRICAL
NETWORKS ARE CALCULATED.

most adjectives can modify multiple nouns and vice versa.

Two small networks — US football tournaments and the karate
club — exhibit distinct characteristics from other networidhe
football network is enriched with four network motifs (tnigles,
3-stars, diamonds, and triangles with a dangling edge)wkadge
about the rules for arranging tournaments is required irerord

#nodes index dataset -value emp mean/std ert mean/std . .

7 BT Web-NotreDame 0?02 48,2% 11313 fo interpret the over-representation of th(_ese local atrest The _

4 81 celegansneural < 0.01 5110/ 4829/50 karate network is enriched with only diamonds and not with

2‘ gi ?Ooo'zil‘\’lgz <°-8401 Szlgéf/”z 7915?;513/13089 triangles. It consists of two dividing factions centerecbtard

4 70 celegansneural < 0.01  3184/- 2820/39 the key figures [26]. Shortage of interactions between dasti

3 ;8 ?olzlogz < 0.01 12;22;2528 1122355(%/1214:3 and interactions channeled through key figures may prewestt o
ooawe < 0.01 - . .

4 71 celegansneural < 0.01 2436/ 2354121 representation of triangles. S

4 71 polblogs 0.03 6895/1950 6603/1880 The four directed networks are categorized into two clasBes

: 11 fo?dweb | 2 8-8} gggﬁ/ 2222/25;27 food web network is enriched with simply connected, unicianal
celegansneural . - . . .

4 1 po|b|gogs 0.02 80063/16264 73965,15583structu_r(_es. Ipstances _|nclude two conver_gent links (3 spdetif

4 77 celegansneural < 0.01  1064/- 998/12 0), unidirectional chains (3 nodes, motif 1; 4 nodes, mofj,1

. 7 Sgl'gl'ggz oo 02088 e aollost Awo divergent links (3 nodes, motif 3), diamonds with onersey

4 12 foodweb <0.01 1226/ 1173/48 one sink and two intermediate nodes (4 nodes, motif 81), and

2 gg Cellg?ansﬂeural 000-(3)3 2%/77/;) zig?;sz diamonds with two sources and two sinks (4 nodes, motif 70).
polblogs . . . .

4 9 celegansneural < 0.01  1200/- 1136/19 These net_w_ork _motlfs are cons_lstent with th_e nature Qf a food

4 94 polblogs 0.06 1438/372 1383/361  web: a unidirectional network with clearly defined trophéwels.

3 igg ]S:(')Zg\f‘e”bsne”ra' - %0031 o 51/001/' %;9/;8/12 The remaining three networks — hyperlinks of web documents a

4 1 polblogs 0.03 23843/7272 20821/6975 US political weblogs and neuronal connections — are endietith

4 82 foodweb 0.02 71/- 65/2 more complex network motifs such as variations of feed-fodv

. o f)i'@?;;j”e”ra' oL TR s aaeviaey  l00ps (3nodes, motifs 6, 7, 9, 10, 11, 12; 4 nodes, motifs 8188,

4 131 celegansneural 0.01 112/- 105/3 94, 139, 84) and feed-back loops (3 nodes, motifs 9 and 8; dsj0d

alone. Lack of other motifs suggests transitivity is the dwmt and
only force underlying the relations: if two nodes share hbags,
they are likely to be neighbors as well.

In contrast to co-authorship networks, political booksTPand
protein-protein interaction networks possess richerllstactures.
Political books and the core set of human PPI networks afietest
with triangles, 3-stars (4 nodes, motif 0) and diamonds (desp
motif 3). PTT and the full set of human PPI networks are emrich
with triangles and diamonds. The mechanisms underlyingethe
motifs in distinct networks are certainly different. PPItwerks
have rich local structures as a variety of possible intéyact
configurations exist in protein complexes: complex memioars
bind to each other (triangles), attach to a central membestg3),
or form a loop (diamonds). Transitivity probably applies do-
purchasing behaviors and PTT user interactions, and achpsing
behavios may also have the tendency to follow key booksdf&,st
It is more difficult to interpret the enrichment of diamonds i
political books and PTT networks. One possibility is thatrdonds
are transient. As time proceeds missing interactions hetvmedes
may be filled.

motifs 77). Variations of feed-forward loops are prominanboth
hyperlinks and neuronal connections. Similar to gene etguy
networks, feed-forward loops may confer selective adwgegan
neuronal networks thus are over-represented. Furthernfeee-
forward loops are enriched in hyperlinks of web documents or
political weblogs perhaps due to the existence of multiméhp
connecting two documents. In contrast, only three vanatiof
feed-back loops (cycles) are enriched in directed netwdfleed-
back loops are prevalent in biological networks includimgimonal
networks. However, most feed-back loops in neuronal netsvor
likely consist of more than 2 levels. Thus short feed-baakpto
such as motif 8 are rare.

Absence of network motif enrichments also provides imptrta
insight about the nature of interactions. Chains (3 nodexif 1;
4 nodes, motif 1) are not significantly enriched in any urctizd
network despite their overwhelming occurrences. 3-chaiasnore
abundant than triangles in each undirected network, yetifiesd
networks often contain even more 3-chains than empiricél ne
works. Under-representation of chains in empirical neksois
likely attributed to the prevalence of transitivity as esigennecting
common neighbors create triangles and destroy 3-chains.

Unlike triangles, 4-node cliques are not enriched in anyi-und
rected network. In principle, transitivity should extendybnd 3

The network of character co-appearance is enriched with trinodes and facilitate the formation of higher-order cliquést this

angles and 3-stars. This observation is sensible as chesaiten
appear in a batch in each chapter (so triangles are enriciedifhe
central figures appear in multiple chapters (so 3-starsraiehed).

The network of word adjacency is enriched with only 3-stars.

Linear orders of words in sentences destroy transitivity amevent
formations of complex motifs. For instance, “good job” argpbtd
mom” are valid phrases while “mom job” or “job mom” are not.
In contrast, 3-stars are naturally derived from word adjageas

tendency is counter-balanced by the difficulty of maintainall
links in large cliques. Consequently, 4-node cliques are end
under-represented in empirical networks.

In directed networks, motifs compatible with 3-chains are e
riched only in the food web. These enriched motifs consist of
only unidirectional links (motifs 0, 1, 3). In contrast, @hanotifs
possessing bidirectional links are not enriched in any agtw
Under-representation of these chain motifs suggests thaing



emerge from networks with clearly defined levels such as food12] Liu, F., Lee, H.J.: Use of social network information éahance

webs. collaborativefiltering performance. Expert Systems withpAca-
We only consider 3-node and 4-node motifs in this study as tions 37(7):4772-4778, 2010.

counting of higher-order motifs and generating valid edg@Ss 115 \1i5 R Shen-Om, S., Itzkovitz, S., Kashtan, N., Gskii

are much more time consuming. However, higher-order né&twor D., Alon, U.: Network motifs: simple building blocks of corem

motifs may confer functional/mechanistic importance amden- networks. Science 298: 824-827, 2002.

riched in some networks. More efficient algorithms for cdanmt

and edge swapping are required in order to investigate thtei-di [14] Mangan S., Alon, U.: Structure and function of the fdedward

butions of higher-order motifs. loop network motif. Proc. Natl. Acad. Sci. USA 100(21):1098
The observations of network motif enrichment are purely-phe 11985, 2003.

nomenological. Certain local structures are over-reptesein  [15] Kalir, S., Mangan, S., Alon, U.: A coherent feed-forataloop

some networks, yet the causes or mechanisms driving the over with a SUM input function protects flagella production Es-

representation of network motifs remain unknown. In-degitidies cherichia coli Mol. Syst. Biol., msb41000010:E1-E6, 2005.

of specific instances of network motifs and addition infotimra of

the interactions are needed in order to understand the lyirder

mechanisms.

[16] Granovetter, M.S.: The strength of weak ties. Ameridaisocil-
ogy 78:1360-1380, 1973.
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