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Abstract

In the literature on optimal stopping, the problem of maximizing the expected
discounted reward over all stopping times has been explicitly solved for some spe-
cial reward functions (including ()", (e*— K)*, (K —e )", 2 € R, v € (0, 00)
and K > 0) under general random walks in discrete time and Lévy processes in
continuous time (subject to mild integrability conditions). All of such reward
functions are continuous, increasing and logconcave while the corresponding op-
timal stopping times are of threshold type (i.e. the solutions are one-sided). In
this paper, we show that all optimal stopping problems with increasing, logcon-
cave and right-continuous reward functions admit one-sided solutions for general
random walks and Lévy processes, thereby generalizing the aforementioned re-
sults. We also investigate in detail the principle of smooth fit for Lévy processes

when the reward function is increasing and logconcave.
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1 Introduction

Let X = {X;}:>0 be a process with independent stationary increments where the time

parameter t is either discrete (i.e. t € Z* :={0,1,...}) or continuous (i.e. t € RT := [0, 00)).
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Let Xy = x be the initial state. We assume that X is defined on a filtered probability space
(Q, F,{F:}, P), where for each t, F; is the (enlarged) o-field generated by {X; : s < t}. For
a measurable reward function g > 0 and a discount factor ¢ > 0, we consider the problem
of maximizing the expected discounted reward over all stopping times. The objective is to
find the value function V(x) and an optimal stopping time 7* (if it exists) satisfying

By (€77 9(Xe )l <op) = V(@) 1= sup By (779(X0)Liron)) (1.1)
where the subscript = in E, refers to the initial state Xq = x, M is the collection of all
stopping times taking values in [0,00] and 14 denotes the indicator function of A. For
a < 0o, the stopping time 7, := inf{t > 0 : X; > a} is said to be of threshold type with
threshold a. An optimal stopping time of threshold type exists if 7* = 7, for some a < oo,
in which case the optimal stopping problem (1.1) is said to admit a one-sided solution.

In the literature, motivated by applications in American option pricing, the optimal
stopping problem (1.1) has been solved explicitly for special reward functions including
(z7)” := (max{z,0})” (v > 0), (¢* — K)* and (K — e *)" in both discrete and contin-
uous time. See Dubins and Teicher [10], Darling, Liggett and Taylor [8], Mordecki [15],
Novikov and Shiryaev [17] [18], and Kyprianou and Surya [13]. Note that all of the above
reward functions are continuous, increasing and logconcave, while the corresponding optimal
stopping times are of threshold type. (Here and below, the word “increasing” means “non-
decreasing.”) Note also that for each of these reward functions, the one-sided solution for
(1.1) is found explicitly under general random walks in discrete time and Lévy processes in
continuous time (subject to mild integrability conditions). On the other hand, by imposing
more structures on {X;}, the problem (1.1) can be solved explicitly for more general reward
functions. Indeed, when {X};} is a matrix-exponential jump diffusion, Sheu and Tsai [21]
have obtained an explicit one-sided solution of (1.1) for a fairly general class of increasing
and logconcave reward functions g > 0 which satisfy some additional technical conditions.

In view of the above results, two natural questions arise concerning the relationship
between the logconcavity and monotonicity of g and the existence of a one-sided solution:
(Q1) Does the logconcavity and monotonicity of g imply the existence of a one-sided solution?
More precisely, if g > 0 is increasing and logconcave, does (1.1) admit a one-sided solution
under general random walks and Lévy processes? (Q2) To what extent is the logconcavity
and monotonicity of g implied by the existence of a one-sided solution?

To make (Q2) more precise, observe that it is easy to find a reward function g > 0 (which
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is neither increasing nor logconcave) and a process {Y;}i>0 with Yy = 0 such that for some
threshold a, 7, is optimal under {X; = x + Y;};>0 for any initial state z € R. Indeed, if for
some g > 0, 7, = inf{t > 0: X; > a} is optimal under {X; = z + Y; }4>¢ for all x € R, then

with respect to the same process { X},

E, (6_qT“§(XTa)1{Ta<OO}) =k, (e_qTag(XTa)l{Ta<oo})

= sup Ex (e_ng(XT)l{T<°°})
TEM

> sup B, (77 G(X;)1r<o0)) 5
TEM

where g > 0 is any reward function satisfying

0<g(z) <g(x) forall z €R and g(x)=g(z) for z > a. (1.2)

N}l

This shows that, under the process {X;} (for any Xy = = € R), 7, is optimal for any
reward function ¢ satisfying (1.2), which need not be increasing or logconcave. Thus, it
seems natural to formulate (Q2) as “If g > 0 is such that (1.1) admits a one-sided solution
with respect to a sufficiently rich class of processes {X;}, is g necessarily increasing and
logconcave?”

The work of Hsiau, Lin and Yao [11] makes an attempt to address (Q1) and (Q2).
Specifically, it is shown (¢f. [11, Theorem 3.1]) that if g > 0 is increasing, logconcave and
right-continuous, (1.1) admits a one-sided solution provided that { X, } is a spectrally negative
Lévy process (for which a tractable fluctuation theory is available due to no overshoots).
Furthermore, it is established (c¢f. [11, Theorem 6.1]) that for fixed ¢ > 0, a nonnegative
measurable reward function ¢ is necessarily increasing and logconcave if for each a € R,
there is a threshold u(a)) < oo such that 7, is optimal under the Brownian motion process
X; = x+at+ B; where { B} is standard Brownian motion. (A similar result is also established
for the case ¢ = 0 (cf. [11, Theorem 5.2]) where the drift parameter « is restricted to a < 0.)

The present paper addresses (Q1) in full generality (with the right-continuity condition
imposed on ¢), thereby generalizing the aforementioned results in the literature. Specifically,
we treat the discrete-time case in Section 2, and show that if ¢ > 0 is nonconstant, increasing,
logconcave and right-continuous, then with respect to any random walk, there is a unique
threshold —oo < u < oo such that V(z) > g(z) for 2 < v and V(z) = g(x) for x > wu.
Moreover, if —oco < u < oo, 7, is optimal attaining the (finite) value V(x) of (1.1) for all

x € R. If u = oo, either V(z) = oo for all x € R in which case there are randomized stopping
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times with an infinite expected (discounted) reward or V(z) < oo for all z € R in which case
no optimal stopping time exists. Via the standard time discretization device, the results in
Section 2 are applied in Section 3 to general Lévy processes in continuous time.

With the help of the results in Section 3, we investigate in Section 4 the principle of
smooth fit for Lévy processes {X;} when g > 0 is a general increasing and logconcave
function. Alili and Kyprianou [1] have shown for g(z) = (K — e *)* (described here in our
setting which corresponds to perpetual American put) that the smooth fit principle holds if
and only if 0 is regular for (0, 00) for {X;}. They have also conjectured that this result holds
more generally. (See also Boyarchenko and Levendorskii [3] for a related discussion and Peskir
[19] for an example in which {X,} is a regular diffusion process and g is differentiable but the
value function fails to satisfy the smooth fit condition at the optimal stopping boundary:.)
We show in Section 4 that their conjecture is true for general increasing and logconcave g > 0
provided log g is not linear in any interval. If logg is linear in some interval, the smooth
fit principle may hold even when 0 is irregular for (0,00) for {X;}. Section 5 contains
concluding remarks. The proofs of some technical lemmas (stated in Section 2) are relegated
to Section 6, in which the logconcavity property of g plays a key role. (Because of space
limitation, some detailed computations in the proofs are not provided. The reader may refer
to the long version [14] of the present paper for details.) It should be remarked that as the
characterization of the optimal threshold u for general g and {X;} (¢f. (2.2) below) is less
than explicit, there is no general explicit expression for the corresponding value function.
This fact makes it a nontrivial task to verify that the value function is excessive.

We close this section by briefly reviewing some recent papers in which effective methods
are proposed to construct an ezplicit solution of (1.1) for g (not necessarily increasing or
logconcave) under {X,;} which is a Lévy process or a more general Markov process in con-
tinuous time. Surya [23] has introduced an averaging problem (associated with (1.1)) whose
solution, if it exists, yields a fluctuation identity for overshoots of a Lévy process. Then the
value and the optimal stopping time for (1.1) can be expressed in terms of the solution to
the averaging problem provided this solution has certain monotonicity properties. See also
Deligiannidis, Le and Utev [9] for related results on Lévy processes as well as on random
walks. The work of Christensen, Salminen and Ta [6] characterizes the solution of (1.1)
similarly as in [9, 23] but under very general strong Markov processes including diffusions,

Lévy processes and continuous-time Markov chains. Moreover, the solution can be either



one-sided or two-sided depending on the representing function for the given reward function.
More recently, Mordecki and Mishura [16] have generalized Surya’s averaging problem so as
to make the construction method more flexible. Lately, Christensen [4] has introduced an
auxiliary problem for a 2-dimensional process consisting of the underlying (Markov) process
{X;} and its running maximum. Under suitable assumptions, the auxiliary problem turns
out to have the infinitesimal look-ahead rule as its solution, which then yields an optimal

stopping time for (1.1).

2 Optimal stopping for random walks

In this section, we use n € Z* (instead of t) to denote the discrete time parameter.
Let £,&1,&, ... be a sequence of real-valued independent and identically distributed (i.i.d.)
random variables. To avoid trivial cases, assume that P(§ > 0) > 0. For Xy = = € R, let
Xpi1 = Xp + &y for n =10,1,..., so that {X,,},>0 is a random walk with initial state .
For y € RU{—o0}, define 7, := inf{n > 0: X,, > y} (a threshold-type stopping time) and
T, :=inf{n > 1: X, > y} (which is different from 7, if Xy > y). Consider a nonnegative
reward function g : R — [0,00) which is nonconstant, increasing (i.e. g(x) < g(y) for
2 < y) and logconcave (i.e. g(fz + (1 —0)y) > (g(z))? (g(y))" ™ for all 2,y and 0 < 6 < 1).
Letting log 0 := —o0, the function h(z) := log g(x) is increasing and concave, so that the left-

hand derivative h'(x—) is well defined (possibly +o00) at every x with h(z) > —oo. Letting

h(x—) := +oo if h(z) = —o0, we have that h'(x—) is decreasing (and nonnegative) in x € R.

Define
S = lim h'(z—), (2.1)

Tr—00
E, (e g (X1,) Lin,<c0}) a
:= inf R: - - <1 — =00 f >0 2.2
u:=1n {xe 9@ hS (O oo lor a = )7 (2.2)
W = sup Ey(e” " g(Xr, ) 1{r,<o0}) = sup E(e” " g(X:, )17, <o0}) (2.3)
yeR yeR
V(z) = su/a E, (e 7g(X;)1l{r<0c}) (z €R). (2.4)
TE

(While the subscript x in E, refers to the initial state Xy = x, in case x = 0, we write

E = Ejy for simplicity as in (2.3).)

Remark 2.1. A nonnegative, nonconstant, increasing and logconcave function g is contin-



uous everywhere except possibly at
xo :=inf{s € R: g(s) > 0}. (2.5)

Note that —oo < ¢ < 00. Moreover, since g is nonconstant, g is not identically 0 while
lim, , o g(z) = 0. In Theorem 2.1 below, g is assumed to be right-continuous, which implies

that g(xo) = g(xo+) if zop > —o0.

Remark 2.2. Note that L(T,, X1, 1i1,<0) | Xo = x) = L(To, (x + X7,)L1p<o0) | Xo = 0),
where L(Z) denotes the law of a random vector Z. Since by logconcavity, g(x + 0)/g(x) is

decreasing in x for 6 > 0, it follows that

E, (e g (X1,) Liny<o0}) /9(x) = E (g (x + X1,) Limy<oo}) /9(2) is decreasing in x.
(2.6)

It can be argued that if G(z) :== E, (e g (Xr,) 1{1,<c00}) = 00 for some z, then G(z) = o0
for all z € R, in which case we have u = co. Thus, if u < oo, then G(z) < 00 is continuous

and increasing in x > g, so that
E, (e g (X1,) Lim,<ec}) /9(z) (= G(z)/g(z)) is continuous (and decreasing) in x > xo,
where xq is given in (2.5). It follows that

E, (e g (Xr,) 1ir,<c0}) = g(u) provided zy < u < cc. (2.7)

Theorem 2.1. Let g : R — [0,00) be nonconstant, increasing, logconcave and right-
continuous, and define 5, w, W and V(x) as in (2.1)—(2.4). Assume P(§ > 0) > 0. Then
the following statements hold.

(i) If —oo < u < o0, then the threshold-type stopping time 7, is optimal, i.e. V(zx) =
E, (e g(Xr,)l{ru<oo}) for all z € R.

(i) If u = oo, then V(z) = limy_ o0 B, (€7 g(X;, ) 1(r,<o0}) = €W for all z. If, in
addition, W = oo, then there exist (randomized) stopping times that yield an infinite

expected (discounted) reward; if W < oo, then there is no optimal stopping time.
Corollary 2.1. (i) V(z) > g(z) for x <u and V(z) = g(z) for x > u.

(ii) V(z)/g(x) is decreasing in x.



(iii) Ifxo <u < oo oru=—o0 oru=o0and W < oo, then V (x) is continuous everywhere.

Remark 2.3. By Corollary 2.1, v = inf{z : V(z) = g(z)} = sup{z : V(z) > g(z)}.
By Theorem 2.1, (—oo,u) and [u,00) are the (optimal) continuation and stopping regions,
respectively. If u = —oo, there is no continuation region, so that stopping immediately is
optimal. If u = oo, the stopping region is empty and there is no optimal stopping time in the
sense that for any initial state x and for any stopping time T, one can always find another

stopping time 7 such that P,(t" > 1) =1 and
E, [e’qT/g(XT/) | fT] >e Tg(X;) as. on {1 < oo}

Remark 2.4. Nowikov and Shiryaev [18] have solved (1.1) for g(x) = («*)” with v > 0,
and found that the optimal threshold is the positive root of the associated Appell function,
which generalizes an earlier result of Darling et al. [8] for v = 1. It can be shown that
their optimal threshold agrees with (2.2). As an illustration, consider g(x) = x* and ¢ = 0,
for which Darling et al. [8] showed that if E(§) < 0, then Ty is optimal where M =
sup{0,&1,& + &, ... }. For E(§) <0, the value of u defined in (2.2) satisfies (cf. (2.7))

0<u= g(u) =k, (g(XTu)]'{Tu<OO}) = B, (XTu]'{Tu<OO}> =FE [(u + XTo)l{To<OO}} )
yielding
u=F (XTO]-{TO<OO}) /P(TO = OO) = E(M),

where the second equality follows from the fact that L(M) = L ((XT0 + M) 1ipco0y | Xo = 0)
with M’ being an independent copy of M. When E(§) > 0 or E(§) is undefined (i.e. E(max{&,0})
= oo = E(max{—¢,0})), it is readily shown that u = oo = E(M). Thus, the value of u
defined in (2.2) equals E(M) regardless of whether E(§) < 0.

Remark 2.5. For g(z) > 0, it can be shown that E, (e™g (Xr,) 1{1,<00}) /9(x) < 1 if
and only if E, (e™+g (X,,,) 1{r,, <o0}) /9(x) < 1, where 7,4 == inf{n > 0: X, > z}. It
follows that the definition of u in (2.2) is equivalent to

u=inf{z eR: E, (e g(Xr,) Yn,<oc}) /9(x) < 1}.
If xo < u < oo, it follows from (2.7) that

g(“) = Eu (e_ung(XTu)]-{Tu<oo}) = Eu (Q_QTH+9(XTH+)1{7'“+<OO}) >



which together with the optimality of T, implies that T, s also optimal. However, T,
may not be optimal if w = xy > —oo. As an example, consider the (logconcave) func-
tion g(v) = lpoo)(x), for which u = xo = 0. While 1y is optimal, we have g(0) = 1 >
Eo (677 g(Xry, ) 1mps <o0}) if ¢ > 0 or E(§) < 0.

To prove Theorem 2.1, we need the following lemmas.

Lemma 2.1. For f : R — [0,00) and v € R, let U(z) := E,(e™ f(X:,)1{r,<o0}), © € R.
Then E(e™1U(z +€)) = E (e f(X1,)1{1,<o0}), T € R.

Lemma 2.2. Let f(z) and g(z) be nonnegative functions defined on R. If f(x) > g(x) and
f(z) > Ele™f(z +&)] for all z, then f(z) > sup ey Ew (677 9(X;)1r<o0y) for z € R.

Lemma 2.3. Assume P(§ > 0) > 0. Let g : R — [0,00) be nonconstant, increasing and

logconcave. Suppose that
E, (e7 " g(X1,)1{1,<00}) /9(y) =1 for some y > zy :=inf{s : g(s) > 0}. (2.8)
Then the following hold.
(i) E, (e‘qTag(XTa)l{Ta<oo}) < E, (e‘qug(XTy)l{Ty<oo}) for x € R and a € [—00,y).

(i) g(x) < By (€7 g(Xr,)Liry<o0}) for @ € (—00,y).

Lemma 2.4. Assume P(§ > 0) > 0. Let g : R — [0,00) be nonconstant, increasing and

logconcave. Suppose that
E, (e g(X1,) i1 <0c}) /9(y) <1 for some y > xg :=inf{s : g(s) > 0}. (2.9)
Then the following hold.
(i) B, (e ™vg(Xr,)lir,<00}) = Ex (€77 g(X1,)1{1,<00y) for € R and a € (y,0).

(11) g(y) 2 Ey (e_qTag<XTa)1{Ta<OO}) fOT’ a € (y7 OO)

Lemma 2.5. Assume P(§ > 0) > 0 and ¢()\) := E(e) < oo for all X > 0. Let g :
R — [0,00) be nonconstant, increasing, logconcave and right-continuous. Define u as in
(2.2). Suppose u < co. Then 7, is optimal. Moreover, the value function V(x) satisfies

V(z) > g(x) for x <u and V(x) = g(x) for x > u.



Lemma 2.6. Assume P(§ > 0) > 0. Let g : R — [0,00) be nonconstant, increasing,
logconcave and right-continuous. Define u as in (2.2). Suppose there exist x' € R and ¢ > 0
such that g(x) = ¢ for x > x'. Then u <z’ and 7, is optimal. Moreover, the value function

V(z) satisfies V(x) > g(x) for v <u and V(z) = g(x) for z > u.

Lemma 2.1 follows easily by conditioning on X; = x +¢. Lemma 2.2 is a standard result
(see [17, Lemma 5]). The proofs of Lemmas 2.3-2.6 are relegated to Section 6. We are now

ready to prove Theorem 2.1.

Proof of Theorem 2.1(i). Let {b;}r>1 be an increasing sequence such that b; > xy and
limy o0 by = 00. For each k > 1, let gx(z) := g(x A bg) := g(min{x, b }) for x € R, and let

Vi(z) == su/a B (e gp(X7)1ircoo})- (2.10)
TE

Then for k& > 1, gi(z) is nonconstant, increasing, logconcave and right-continuous. Since
gr(x) is increasing in k, so is Vi (z). Note that g (z) = g(bx) > 0 for z > by and gi(x) = g(x)
for x < b,. We have that Vj(z) < g(bg) for € R, and by Lemma 2.6 that 7, is optimal for
the optimal stopping problem (2.10) with reward function gz, where

u, = inf {z € R: E (e gi(X7,) 1{rrco0}) /() < 1} < by < 0. (2.11)

We claim that wuy is increasing in k. If up 1 > by, then ug,q > uy clearly. In case up 1 < by,
we have Vi (upi1) < Vg1 (uri1) = gey1(ues1) = g(uny1) = gr(ursr), implying that ug, g > uy.
Let to = limg oo g and V() := limg 0o Vi(x). For any 7 € M, we have by the

monotone convergence theorem

Ex(eing(XT)]-{T<oo}) lim E:E(eingk(XT)]‘{T<OO}) < Voo(x)7

k—o0

implying that V(x) = V(z) for all . Now we prove in three steps that 7, is optimal if
—00 < u < co. We show in step 1 that us, < u (< 00), in step 2 that 7, is optimal, and in
step 3 that u., > u.

Step 1. To prove u,, < u, suppose to the contrary that u < us. Choose an x and a

(large) k such that u < z < uy and by, > z. We have by (2.2)

gi(z) = g(z) > B, (77 g (X1,) Lim<oo}) = Ex (67 g1 (X1,) Liny<oo}) »

which together with (2.11) implies that x > wuy, a contradiction. This proves that us, < u.



Step 2. To prove that 7, is optimal, it suffices to show that
E, (677 g(Xr,. ) l{r. <cc}) = s%p Vi(z) (= Vo(z) = V(x)) for all z. (2.12)
If us = —00, then uy = up = —oo for all k, implying, for all z, that
Vi(z) = gr(x) < g(x) = By (7T g(Xy, ) ir, <o0y) forall

establishing (2.12) for the case uy = —00.

Suppose —00 < Ug (< u < 00). Since uy > uy for all k, we have for x > u,

B, (79 g(Xr, )1{n..<oo}) = 9(x) > gi(x) = Vi(z) for all k.

It remains to prove (2.12) for x < us. Note that us, > ux > xo for all k. If uy, = xg, then

Up = Use = Xg for all k, so that

Vk(l') = Ez (e—qu, gk(XTuoo)l{Tuoo <oo}) S Ea: (e_unoog(XT

Uoco

)1{7u°o<oo}) for all ]{?,

proving (2.12).
Now suppose that u., > zo. To prove (2.12) for x < u., let ko be so large that x < uy,,
2Up, — Uso > xg and by, > us. Thus for all & > ko, we have © < uy, 2ur — Uy > x¢ and

br > Uso. For k > ko, let e := us — uy (= 0),

Uk(z) (e’q”oo gk(Xr,

=F, Miro<oo}) s T = Tupee, :=inf{n >0: X, >y, — &4},
and V,(y) := E, (e_qT'gk(XT/)l{T/@o}) (< Vi(y)) for y € R.
Since L(Tuo, X Liru <oo) | Xo = ) = L(Tuy, (r + X7, )1, <0} | Xo = @ — &), we have

Uk(x) = Em—sk (e_unkgk(eEk + XTuk)l{Tuk <OO})
> Eyee, (€77 gu(Xn, ) 1(n, <oc}) = Vi(@ — ) = Vi(z — &) (2.13)

Let 7" = 7y, = inf{n > 0: X;, > u, —x}. On {7 < oo}, we have

gr(x — ek + Xon) > gr(ur — €x) = g6 (2ur — Uoo) = 9((2up — tso) A b)) = g(2ur — us) > 0.
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Since L(Tyy, Xr, Lin, <o} | Xo =) = L(7", (x + X;n)1{7r<o0) | Xo = 0), we have

Vk(x) = E:L‘ (e_unkgk(XTuk)l{Tuk<OO})
— E (e_qT”gk(x + XT”)]-{’T"<OO}>

Y gk(.lf + XT//)
= E qar — XT” ]_ <00
(6 gk(x—€k+XT,,)gk(x Tt ) tri<ec)

g u — 7_//
>~ %E <€ q gk<l’ — &L + XTN)]'{T”<OO}>
e (e oo
= —E:c—E qT XT/ ]_ <00 — —V . 7 214
9k (2up, — too) T (X ) <o) gk (2ug — Uoo) KT —er), (2.14)

where the inequality is due to the logconcavity of gx. By (2.13) and (2.14), we have

20y, — Uoo)

. gk ( 2up — Uso)
Uk( ) = gk(uk)

9l
Wlo) = 9(u)
Letting k — oo, the right- and left-hand sides of (2.15) tend, respectively, to Vo (z) and
E, (79 g(Xr, ) 1{r,..<oo}), yielding (2.12).
Step 3. We now prove that us, > u. Suppose to the contrary that u > us (> ). Then
it follows from (2.2) that B, (e”%"~g (X1, ) 1{1,_<oo}) /9(teo) > 1, which implies by the

Vi(x) for k > k. (2.15)

optimality of 7,_ (established in step 2) that
9(too) < By, (equ“f”g (XT%O) ]-{Tuoo<oo}) <V (Uoo) = 9(Uso),
a contradiction. Thus, u < us,. The proof is complete. Il
Proof of Theorem 2.1(ii). Let Q,(z) := E, (e " g(X:,)1{r,<xc}), 2,y € R. Claim that
Qy(z) is increasing in y € R. (2.16)
For any given z, y and ¢ with y < ¢/, we have P,(7, < 7,) = 1. On {1, < 0o}, define
H = B, | g(X, Lo | |

so that Qu(z) = E, (e‘quHl{Ty@o}). If y <y < a9, we have H > g(X,,) = 0 on
{ry, < 00, X;, < 20} and H = g(X,,) on {1, < 00,X;, > wxo}. If ¢ > xy, we have
E, (@*qu/g(XTy,)l{Ty,@o}) /9(y’) > 1 (since u = oo). By Lemma 2.3(ii), H > ¢(X,,) on
{ry < 00,X;, <y'}and H = g(X,,) on {7, < 00,X,;, > y'}. Thus we have shown that
H > g(X,,) on {1, < oo}, implying that

Qy’(z) = Ez (e_quH]'{Ty<OO}) Z Ex (e_QTyg(XTy>1{Ty<OO}) = Qy($)7
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establishing (2.16). Let

Qz) = sgp Qy(x) = ylggo Qy(x), and Q(0) =W. (2.17)
To show
Vi) = Qla) = lin Q,(x). 215)

consider an increasing sequence {by}r>1 with by > o and limy_,o by = 00. Let gi(x) :=
g(x Aby) and let Vi(z) and uy be defined as in (2.10) and (2.11), respectively. Observing
that V(x) = limg_,o Vi(2) = sup, Vi(x), we have

Vi(x) = Sup Vi(z) = sup E, (e7 7 gi( Xy, )1z, <oc})
S Sl]ip Ea: (G_unkg(XTuk )1{Tuk<00})
= sup Qu,.(7) < Q(z) < V()

where the second equality is due to the optimality of the threshold wy for the reward function

gr- This proves (2.18).
Since L(7,, X7, 1{r,<o0} | Xo = ¥) = L(Ty—s, (v + X7, ) 147, _, <00} | Xo = 0), we have

V(z) =Q(z) = lim E, (e ™ g(X:,)1{r,<0}) (by (2.18))

Yy—00

= lim E (e g(z + X,, ), <o)

Yy—00

= lim F (e_‘”yg(x + XTy)l{Ty<oo})

Yy—00

_ . g(l‘ + XTy) —qTy
= B [(W e g(Xr, ) r,<oc}

=" lim E (e g(X,,)1{r,<o0}) = €77Q(0) = W, (2.19)

Y—00

where we have used the facts that on {7, < oo}, X; >y and

inf (o +2)/9(2) < g0+ Xn,)/9(X,) < supglo +2)/g(2).

2>y

Note that

inf g(z 4 2)/g(z) = inf @) =hE > jpf (@270 — iy {eh/((”y)*)x, eﬁx} — P
2>y z>y z2y

as y — oo, and that

sup g(z + 2)/g(z) = sup "= < gup MG = max {eh/(y’)”‘“, eﬁ"”} — P
2>y 22y z2y
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as y — oo. Suppose W = co. By (2.19), V(z) = *W = co. In view of Q,(x) — oo as
y — 00, let yx, k=1,2,... be such that

ka (l’) = Ly (e_qukg(XTyk)l{Tyk<oo}) > 2k

Let 7 be a randomized stopping time of threshold type which chooses the threshold 1, with
probability 27%, k =1,2,.... Then we have E, (e‘ng(XT)l{T<OO}) = 0.
Now suppose W < oo. To prove that there is no optimal stopping time, it suffices to

show for z € R and any stopping time 7 with P,(7 < co) > 0 that
V(z) > E, (67 g(X;)1{r<on}) - (2.20)

Consider an increasing sequence of stopping times 77, := inf{n > 7 : X,, > k} > 7, k =
1,2,.... We have
Vi(z) >E, (6_“’29()(71;) {r,;<oo}>
=FE, (67q71{7<oo}Ex [efq(T’H)g(XT,;) {rt <o} | ]:T]>
=E, (7T Qr(X:) 1 reoe)
which by (2.18) increases to E,(e” 7V (X;)1l{;<x}) as k — 00. Since V(y) > g(y) for all

y and P,(7 < oo) > 0, we have V(z) > E (e” TV (X;)1lrco0}) > Eo(e™Tg(Xr)1rco0}),
establishing (2.20). The proof is complete. O

Remark 2.6. The proof of Corollary 2.1 is relatively straightforward and is omitted. The
reader may refer to [14] for details.

3 Optimal stopping for Lévy processes

Let X = {X;}:+>0 be a Lévy process with initial state Xy = x € R. For a comprehensive
discussion of Lévy processes, see [2], [12] and [20]. As in Section 2, assume P(X; > 0) > 0
since the case P(X; < 0) =1 is trivial. For ¢ > 0 and g : R — [0, 00), let

V(z) = sup E; (€""g(Xr)1(re) (3.1)
TE

where M is the class of all stopping times 7 taking values in [0, 00] with respect to the

filtration {F;}i>0, F¢ being the natural enlargement of o{X,,0 < s < t}.
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To apply Theorem 2.1 to the problem (3.1), we introduce a sequence of optimal stopping
problems in discrete time (cf. [22, Chapter 3]). For £ = 1,2,..., let M denote the class
of all stopping times in M taking values in {n2~*:n =0,1,...,00} and

VO(z):= sup E, (e™g(Xr)1frene}) , T € R (3.2)
TEM®)
Note that by the Markov property of X, V) (x) equals the supremum of F, (e‘ng(XT)l{Koo})
over the (smaller) class of all stopping times 7 taking values in {n2=*:n =0,1,...,00} such
that {7 =n27%} € 0{X;5¢,i=0,1,...,n} C Fro-¢. So we can apply Theorem 2.1 to (3.2).

Let u® be defined as in (2.2) with T}, replaced by T = 2t inf{n > 1: X5« > z},

ie.,

, _®
u? = inf {x eR:E, (e 11 g(XTgﬁ“)l{T;“@o}) /9(z) < 1} : (3.3)

For y € RU{—o0}, let 7, :=inf{t > 0: X; > y} € M, and
Ty) = 7Oy) =27 nf{n > 0: X0 >y} € MY,

By Theorem 2.1, if u) < oo, then 7'(2> = 7O (u®) is optimal for (3.2), i.e.

V(Z) ((L’) = Eg: (B_qT(Z)(u(z))g (XT(Z)(M(Z))) 1{7(2)(u(2>)<oo}) , L S R. (34)
By Lemma 3.1 below, u¥) is increasing in £. Let

w:= lim ' and W :=sup E (e g(X;,)1{r,<o0}) - (3.5)

l—o0 y€ER

Remark 3.1. In Section 2, we used the notations V(x), u and W for the random walk
setting. In this section, the same notations are used for the Lévy process setting. Moreover,

we refer to the setting of random walk {X,5-¢,n = 0,1,...} by attaching the superscript (£),
e.g. VO (z), u?, 0.

Theorem 3.1. Let ¢ > 0 and g : R — [0,00) be nonconstant, increasing, logconcave and
right-continuous. Let [ := lim,_,o, h'(x—) where h(x) :=logg(x). Define V(x), u and W as
in (3.1) and (3.5).

i) If —oo < u < o0, then 1, is optimal, i.e. V(z) = E, (e79™g(X;,)1ir, <o0r) for all x.
w /) H{Tu<oo}

(i) If u = oo, then V(z) = limy_,o By (77 g(X;,)1ir <cc}) = €7*W for z € R. If, in
addition, W = oo, then there exist (randomized) stopping times that yield an infinite

expected (discounted ) reward; if W < oo, then there is no optimal stopping time.
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To prove Theorem 3.1, we need the following lemmas where g > 0 is assumed to be
nonconstant, increasing, logconcave and right-continuous. Some arguments are needed to
deal with the case that g is not continuous at zy := inf{s : g(s) > 0}, which is not covered

in [22, Chapter 3] where g is required to satisfy P,(lim, o, g(X;) > g(z)) =1 for all z.

Lemma 3.1. Forz € R and ¢ = 1,2,..., we have VY (z) > VO (z) > 0 and 1) >

u® >z where zy ;= inf{s : g(s) > 0}.

Proof. Since M) ¢ MY we have 0 < VO (z) < VD (x). To show v > 4@ it

suffices to consider the case u“*1) < oo (possibly u*!) = —c0). By Corollary 2.1(i),
g(z) = VD () > VO (2) > g(z) for x> ul,
implying that V) (z) = g(x) for z > u*Y. By Corollary 2.1(i) again, v+ > 4, ]
Lemma 3.2. Suppose g(x) > 0 for all x € R. Then
(1) VU (z) == limy,oo VO (2) = V() for z € R.
(ii) V(x) > g(x) for x <w and V(z) = g(x) for z > u.
(iii) V(z)/g(x) is decreasing in x.

Proof. Since g is logconcave, g(x) > 0 for all x € R implies that ¢ is continuous.

(i) Since V(x) > VO (z), we have V(z) > V()(x). To show V(z) < V®)(x), let 7 € M
be any stopping time. For ¢ = 1,2, ..., define 79 := 27¢(|27| + 1) where |z| denotes the
largest integer not exceeding x with [oo] := co. Clearly, 79 € M® and 7 \, 7 as £ — oo.

It follows from the right-continuity of {X;} and continuity of ¢g that

e_qT(Z)g(X w) — e Tg(X;) as. on {1 < oo}.

T

We have by Fatou’s lemma that
VO (z) = sup VI (x) > sup E, <6_‘”(2)9(XT<2>)1{T(e><oo}>
¢ ¢
>k, (e_ng<XT)1{T<OO}) .

Since 7 € M is arbitrary, we have V(z) < V() (z).

(ii) For o < u, choose a (large) £ with x < u'® < u. If follows from Corollary 2.1(i) that
g(xz) < VO(z) < V®)(z) = V(x). For x > u, since v < u < z, we have by Corollary
2.1(i) that g(x) = V() for all £, implying that g(z) = V(=) (z) = V().
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(iii) By Corollary 2.1(ii), V®)(x)/g(z) is decreasing in x. Since V) (x) 7V (x) as { — oo,
it follows that V(x)/g(z) is decreasing in z. O

Lemma 3.3. If —oo0 < u < oo, then V(z) = g(x) for x > u.

Proof. Let h(z) :=logg(x). Fix an z > u (> x¢ := inf{s : g(s) > 0}). If W'(xz—) = 0, then
g(xz) =sup{g(y) : y € R} > V(z), implying V(x) = g(x). Suppose h'(z—) > 0. Let

h(z) + W (z—)(y —x), if y<uz;

h(y), otherwise.

Let g(y) = " > 0 for all y € R, which is larger than or equal to ¢(y), nonconstant,

increasing, logconcave and continuous. Define

~ . OB ~
a9 = inf {y eR:E, (e a1y Q(XT§Z>>1{T§‘><<>O}> /a(y) < 1} :

Since §(y) = g(y) for all y > 2 and u¥) < u < x, we have @) < 2. Let @ := lim,_,o, 4 < x.
By Lemma 3.2(ii) applied to g,

g([L’) - gN](l’) = f/(ZE) = f:—/a E, (e_ng(XT)]'{T<OO}) > V(ZL’),

So V(x) = g(x). We have shown V(z) = g(z) for all x > u. Finally, V(u) = g(u) follows
from the monotonicity of g and V' and the right-continuity of g. [

Lemma 3.4. Suppose —o00 < u < oo. For x <u and 7 € M with P,(T > 7,) = 1, we have

By (77 g(Xr)rcoey) < B (77 9(Xr,) Lr,<o0) -

Proof. Since on {7, < oo}, X, +s — X,

u

(s > 0) is independent of F,, and has the same law

as Xy — Xy, we have on {7, < oo}
Ea: [e_q(T_Tu)g(XTu + (X’T - XTU))1{7-<OO} | “F'Tu:| S V(X'Tu) - g<XTu> a“s'7

where the equality follows from Lemma 3.3 (noting that X, > u on {7, < co}). Hence,
E, (e*qu(XT)l{Koo}) <E, (e*qT“g(XTu)l{Tu@o}), completing the proof. O

Lemma 3.5. Suppose —oo < u < 00. For x < u,
VO(z —u+u?) <E, (e g(Xr,) Liry<oo}) -
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Proof. For ease of notation, write v := u® and § := u — u¥ > 0. Noting that for z < u,

E(Téz)’XT(e)]_ | XO = [E) = 5(756)7 (5 + XT(Z))]. T(Z)<OO} | XO =T — 5),

{rs

{Tff’) <oo}
we have

e ®
1740 (l‘ — 5) =F, s <e a7 g(Xﬂgz))l{Tszkoo})

0

E, <6 qTu g(Xﬂ(f) — 5)1{7_154)<00}>
0

E.’E (6 qTy g(Xﬂ(f))l{ﬂgl)<OO}>

By (€77 g(Xr) L <oo}) s

IA

IN

0)

where the last inequality follows from Lemma 3.4 and the fact that Py(rs) > 7,)=1. O

Lemma 3.6. Suppose xo < u < 0o. Then V(x) is continuous everywhere and 7, is optimal.

Proof. Fix v € (xg,u). Let h(x) :=log g(x), and

(o) = h(v) + b (v=)(z —v), if z <w;

h(x), otherwise,

and g(z) := eh@ > 0, so that g(x) > g(z) for x € R. Clearly, g(z) is nonconstant, increasing,
logconcave and continuous. Define @), @, V() and V() in terms of § in exactly the same
way that u'?, u, V() and V(z) are in terms of g. For (large) ¢ with v < u(®), the fact that
G(x) = g(z) for all 2 > v yields @9 = u®), implying that @ := lim_,o @¥) = limy_,o v = u.
Moreover, i) = u® > v and §(z) = g(z) for all > v implies that V©(z) = VO (z) for

x € R, which in turn implies that V(z) = V (z) for x € R, since

Viz) < V(z) = lim VO(z) = lim VO (z) < V (),

{—00 {—00
where the first equality is due to Lemma 3.2(i) applied to g.
By Lemma 3.2(iii) (applied to §), V(z)/j(z) is decreasing in x, which implies that
V(e—)/g(z—) > V(z+)/§(z+), = € R. Since j(z) = §lz—) = glz+) > 0, we have
V(z—) > V(z+), so V(z—) = V(z+). Thus V(z) (= V(z)) is a continuous function.

To show the optimality of 7,,, we need to prove

V(z)=FE, (e g(X;,)1{r,<00p) for z €R. (3.6)

17



By Lemma 3.3, V(z) = g(x) for x > u, so that (3.6) holds for x > u. For x < u(= a), we
have by Lemma 3.5 (applied to §)

Ez (e_ung(XTu)]‘{Tu<OO}) - Ex (B_QT"Q(XTU)I{M@O}) Z V(E) ($ —u—+ ﬂ(g))
It follows that

B, (77 (X ) 1in<ooy) = sup VO (z —u+ al?)
l

> lim lim VO (z —¢) = V(z—) = V(z) = V(2),

el0 f—o0

where the first equality is due to Lemma 3.2(i) applied to g. This proves (3.6). O
Lemma 3.7. Suppose that —oo < u < co and 7, is optimal. Then
(1) g('x) S EfL“ (e_qug(XTy)l{Ty<oo}) fOT T < Z/ S U’;
(i) B, (77 g(X,,)lr <o) < Ea (€77 g(Xr ) 1irco0y) forz <y <z <u.
Proof. (i) The desired inequality holds trivially if g(x) = 0. Suppose g(x) > 0. Since
L(1y, (v —y+ X7, )17 <00} | Xo =) = L(Tu, X7, 1 {ru<o0} | Xo = 2 +u —y), we have
1<V(z+u—y)/g(z+u—y)
= Lizgtu—y (e_ung(Xm)l{Tu<oo}) /g(I +u— y)
=B, (e g(u—y + Xr, ) 1{r, <o) /9(u — y + )
S Eac (e_qug(XTy)l{Ty<OO}) /g(l‘),

where the last inequality follows from the logconcavity of g.

(ii) Noting that 7, > 7, a.s., we have by part(i) that on {7, < 7.} = {7, < 00, X, < 2}
E, [em W g(Xo )l cony | Fr ] 2 9(X5,) as.,
from which the desired inequality in part(ii) follows. N

Proof of Theorem 3.1(i). If u = —oo, then u) = —oo for £ = 1,2,..., implying that
0<V®(z)=g(x)forallz € Rand £ =1,2,.... It follows from Lemma 3.2(i) that

V(z) = lim VO (x) = g(z) for z €R,

L—o0

proving that 7, = 7_, is optimal.
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If xg < u < o0, 7, is optimal by Lemma 3.6. It remains to show that for u = xy > —o0,
V(z)=E, (e g(X;,)1{r,<00p) for z €R. (3.7)

By Lemma 3.3, V(z) = g(z) for © > u = x, so that (3.7) holds for x > u = zy. For
r < u = 7o and any stopping time 7 € M, we have X, > ry =wu a.s. on {7;, < 7}, so that

on {1, <7},
g(XTzO) — V(X ) > Ex [efq(TiTzO)g (X7-> 1{Tzo<7—<oo} ‘ ‘FTIO} a.S. (38)

Tz, 0 -

It follows from (3.8) that

Em (eiquog(XTmo>1{Taco<T}) 2 EI (eing(XT)l{Txo<T<oo}) )

which together with g(X,) =0 a.s. on {7 < 7, } implies that

By (6_q7$09(XT$0)1{TIO<OO}) > By (e_ng(XT)]-{T<oo}) .
Since 7 € M is arbitrary, (3.7) follows. The proof is complete. O

Proof of Theorem 3.1(ii). Assume u = co. We claim that for z € R,

Qy(z) == E, (7™ g(X;,)1{r,<cc}) Is increasing in y. (3.9)

Consider an increasing sequence {b;} satisfying by > ¢ and limy_ o, by = 0o. Let gi(x) :=

g(x A by), which is nonconstant, increasing, logconcave and right-continuous. For ¢ > 1, let

uy) = inf {x €ER:E, (6_qu(e)gk(XT<e>)1{T<z><oo}) /gr(z) < 1} < by.

Let up := limy_, u,(f) < b, < 00. In other words, uy is defined in terms of gy in exactly the
same way that u is in terms of g. Since u;, < oo, we have by Theorem 3.1(i)

Vk(x> = f;l,/\lzl E, (eingk(XT>1{T<OO}) = E, (eiunkgk(XTuk)l{Tuk<OO}) : (31())
Thus, Vi(z) = gr(x) for z > i and Vi(z) > gx(z) for @ < ug. Since gy is increasing in
k, it is easily shown that both Vj and wy are increasing. Let Vo (x) := limg_,o Vi(z) and
Uso = limy_,oo ug. Clearly V() = V(z). Since ugf) 2 u® as k — oo and ugf) Ay, as
¢ — o0, it follows that u := limy_, v = oo implies us := limy_oo ur = 00. Incidentally,

since V() > Vi(x) > gx(z) = g(x) for x < uy, < by, we have
V(xz) > g(x) for all x € R. (3.11)
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To prove (3.9), it suffices to show for x < y; < ys that

Ez (e_qulg(XTyl)l{Tw <°O}) < Ex (e_quQ'g(XTy2>1{Ty2<°°}) : <312)

For large k with uy > y9, applying Lemma 3.7 to gy yields

E, (67q'ry1 gk(XTyl)l{Tyl <oo}) < Lk, (eiqu29k<XTy2)1{Ty2<OO}> . (313>

By the monotone convergence theorem, the two sides of (3.13) converge to the corresponding
sides of (3.12), respectively. This proves (3.12) and establishes the claim (3.9).
By (3.9), W = sup,cp B (e g(X:, )17, <o0}) = limy oo B (e77g(X;,)1(r,<c0}). FoOI-
lowing the argument for (2.19) in the proof of Theorem 2.1(ii), we can show that
Q(z) = sup Q,(v) = lim Q,(z) = **W. (3.14)
yeR y—o0
Furthermore, we have

V(z) = Vel(z) = lim Vi(x)

k—o0
= lim B, (7 gp(Xr,, ) 1(r, <oc}) (b (3.10))
< szp E, (e’qT“kg(XTuk)l{mk@o}) < Qx) < V(x),
implying by (3.14) that
V(z) = Q(z) = W for x € R. (3.15)
If W = o0, it is readily seen that there are randomized stopping times that yield an infinite
expected (discounted) reward. Suppose W < oco. Following the argument for (2.20) in the

proof of Theorem 2.1(ii), we can show that there is no optimal stopping time. The proof is

complete. Il

Remark 3.2. Previously Lemma 3.2 was established under the assumption of ro = —oo.
Examining the proof of Theorem 3.1 shows that Lemma 3.2 remains true for xo > —oo. In

particular, we have V(z) > g(z) for x < u and V(z) = g(z) for x > u.

4 On the principle of smooth fit for Lévy processes

In this section we investigate the principle of smooth fit for Lévy processes. Let X =
{Xi}i>0 be a Lévy process with initial state Xy = z € R and assume P(X; > 0) > 0. For
y e R, let 7, :=1inf{t >0: X, >y} and 7,4 :=inf{t > 0: X; > y}.
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Theorem 4.1. Let g : R — [0,00) be nonconstant, increasing, logconcave and right-
continuous. Define V(z) and u as in (3.1) and (3.5). Suppose —oo < xy < u < 00
and g is differentiable at u (i.e. ¢'(u—) = ¢'(u+) = ¢'(u)). If 0 is regular for (0,00) for X,
then V is differentiable at u, i.e. V'(u—)=V'(u+) (= ¢'(u)).

Proof. Since V(u —€) > g(u — ¢) for € > 0 and V(u) = g(u), we have

T V() ~ V(a— )] < Tm e g(u) - glu—2)) = g'(u=) = /(). (4.1)

Since L(Tuye, Xr o Lmye<oo) | Xo = u) = L(72, (u + X7, )1{r.<00) | Xo = 0) and
L(Tu, Xr 1< | Xo=u—¢€) = L(7o, (u — € + X)L {r.coey | Xo = 0),
we have
V) = Via =) = e [Ey (€77 g(Xo,, )L nnsont) — Bue (€7 9(X0 ) Lir, <o)

=e ' [E(e™g(u+ X )lineoo) — E (e g(u—c+ X, )1irco0y)]
—ec'E [e‘qTE (glu+ X)) —glu—c+ X,.)) 1{75<Oo}} . (4.2)

By the concavity of h(x) := log g(x), we have on {7. < oo}

g(u + XTE) o g(u — e+ XTE) — 6h(u—z—:+XTE) [eh(u—l—XTE)—h(u—s—l-XTs) o 1}

> hlu—etXr) [6ah’((u+X,-E)+) _ 1}
— lumetXee) IR (X)W e p/ (4 4+ X, ) +) (4.3)
for some 6 € (0, 1) by the mean value theorem. It follows from (4.2) and (4.3) that

li_me_l [V(u) _ V(u _ 8)] > h_mE <€—q7'e+h(u—a+er)+95h’((u+X75)+)h’((u + XTE)+>1{TE<OO}>
el0 el0

>F (hﬁ e—ng‘l’h(u—E““XTg)+9€h/((u+X7‘s)+)h/<(u + XT )—i—)l{T <oo})
el0

=F (e_q70+eh(u+Xro+)h/((u + Xm+)+)1{7'0+<oo})

= "R (u+), (4.4)
where the second-to-last equality follows from the fact that 7. | 79, as e | 0 together with the
right-continuity of {X;} and the concavity of h, and the last equality follows from P(1y, =

0) = 1 (since 0 is regular for (0,00)). Combining (4.1) and (4.4) together with e*™h/(u+) =
g (u+) = ¢'(u) yields that V'(u—) = ¢'(u) = V'(u+). The proof is complete. O
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Remark 4.1. For a Lévy process X with O regular for (0,00), Theorem 4.1 shows that the
smooth fit principle holds if g is differentiable at u (the optimal stopping boundary). It is

easy to show by example that the value function may fail to satisfy the smooth fit condition

if g'(u=) # g'(ut).

Theorem 4.2. Let g : R — [0,00) be nonconstant, increasing, logconcave and right-
continuous. Let h(x) := logg(x). Define V(x) and u as in (3.1) and (3.5). Suppose
—00 < zg < u < 00 and 0 is irreqular for (0,00) for X. Then

(i) V'(u=) = E (e g'((u+ Xrp.) =) Lfrys<o0}) -
(il) V'(u—) =V'(u+) (= ¢'(u+)) if and only if
P ((u+¢)—) =h'(u+) (4.5)

where ¢ = inf{zx : P(X,, > x | 1o < oo) = 0}, the essential supremum of the
(conditional) distribution L(X., | Xo = 0,70+ < 00), and where I((u + {)—) =

lim, 00 B/ (z—) if ( = 0.
(iii) V(x) = g(u)e? @@= for x < u, provided that condition (4.5) holds.
To prove Theorem 4.2, we need the following lemmas.

Lemma 4.1. Let g : R — [0, 00) be nonconstant, increasing, logconcave and right-continuous.

Suppose 0 is irreqular for (0,00) for X and

E, (677 g(Xr, ) 1rs<o0p) [9(x) < 1 for some x> wy. (4.6)

Then
g(x) > E, (e‘qug(XTy)l{Ty@o}) for all y > x.

Proof. The following proof is similar to those of Lemmas 2.3 and 2.4. Note that

E, (e_qu+g(XTz+)1{Tz+<OO}) /g<z) =E (e_qT(Hg(Z + XTO+)1{T0+<00}) /g(z)
is decreasing in z € (z9, 00), implying by (4.6) that

E. (e77 (X, ) s, <o0}) < g(2) for z > x. (4.7)
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Let Jy := 7,4+ and for n > 1,

inf{t > J,1: Xo > X}, if Juo1 < oo

00, otherwise.
Note that L(Jpi1 — Jn | Xo = 2, J, < 00) = L(704 | Xo = 0) and that P(rp. > 0) = 1. It
follows that J, — 0o a.s. Fix y > x. Since the Lévy process X either satisfies lim_,oo X; =
+o0 a.s. or limy_, X; = —00 a.s., we have J, = 7, < oo for some n in the former case and

J, = oo for large n in the latter case. In either case, L,, :== min{.J,, 7,} = 7, for large n. As

a consequence, e~ g(Xp, ) 1L, <ooy = €9 g(Xr, ) 1{r, <0} @.5., SO that by Fatou’s lemma,

lim F, (e_ang(XLn)]-{Ln<oo}> > FE, (e_qug(XTy)l{Ty@o}) . (48)

n—oo
By (4.7), it is readily shown that E, (e”% (XL, )1{L,<c0}) is decreasing in n, which together
with (4.8) implies that E, (e”7g(X,)1r<cc}) < Eu (€7909(X 1) 1{10<0}) < g(z). The

proof is complete. [

Let
v i=inf{x eR: E, (e g(X,, ) 1r, <o0}) [9(x) < 1} (4.9)

Lemma 4.2. Let g : R — [0, 00) be nonconstant, increasing, logconcave and right-continuous.

Define u and u' as in (3.5) and (4.9). If 0 is irreqular for (0,00) for X, then v’ = u.

Proof. We first show that u > u/. It suffices to consider the case u < oco. By Theorem
3.1, we have E, (e 7+ g(X,, ) 1{r, <oc}) < V(z) = g(z) for all z > u, implying by (4.9)
that v < u. To show u < o/, suppose to the contrary that u > u'. Let x be such that
u>x>u(>x0). If u< oo, it follows from (4.9) and Lemma 4.1 that

g(z) > B, (e g(X,, ) 1ir,<o0p) = V() (by Theorem 3.1(i))

> g(x) (since x < u),
a contradiction. If u = oo, it follows from (4.9) and Lemma 4.1 that
9(x) > B, (77 g(X, ) 1(r,<o0}) forall y >z,
which implies by Theorem 3.1(ii) that

g(z) > lim E, (e g(X,,)1{r<c}) = V(z) > g(2),

Yy—00

a contradiction. This proves u < u' and completes the proof. O
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Proof of Theorem 4.2. (i) We have

E, (67 (X0, ) 1in,<ooy) < V(u) = g(u), (4.10)
E, (e g( Xy, ) r<o0}) > g(x) for 20 <z <u, (4.11)

where (4.11) is due to the definition of v’ and v’ = u (by Lemma 4.2). Since both g(x) and
E, (e*qT“g(XTH)l{TH@o}) ( =F (e*q70+g(x + X70+)1{To+<oo}) ) are continuously increasing
in x >z, (4.10) and (4.11) together imply that

Vu) =g(u) = E, (e_qT”+g(XTu+)1{Tu+<oo}) =F (e_qT‘”g(u + X70+)1{70+<OO}) , (4.12)

which in turn implies that both 7, and 7, are optimal stopping times.

For x < u,

V(I) = E; (eiun+g(XTu+)1{Tu+<OO}) =Ly (EJB (67QTu+g<XTu+)1{Tu+<OO} ‘ ‘Fﬂr+)) :

On {7,4 < oo}, since Xyi,,, —X

., is independent of 7, , and has the same law as X, — X

and since 7, is optimal, we have
B, (eiq(TqufTH)g(Xrqu)1{Tu+<oo} | Froy) = V(Xs,,) as.
It follows that
V(z)=E, (e ™ V(Xr,, ) ln,<oc}) = E (77 V(x4 Xr, ) 1ry, <oo}) -
Taking x = u — € for € > 0 yields
Viu—e)=E (e V(u— e+ Xry, )L, <oo}) - (4.13)
By (4.12) and (4.13),

e V(u) - V(u—e)=¢'E [e’q”” (g(u + Xo,) = V(u—c+ XT0+)) 1{T0+<00}}
= A(g) - B(8)7

where

A(E) = EilE [eiqTO-F (g<u + X7’0+) - g(u —€&+ X‘ro+)) 1{7’0+<OO}] ;
B(e) := e 'E [e“m* (V(u —e+Xy,)—glu—c+ XTo+)) 1{TO+<OO}} )
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To show

lim A(e) = B (¢ (4 Xny,) =)L) (4.14)

we have

g<u + XTO+> - g(u — &+ X7'0+) = g(u — &+ XTO+) [ hlutXro ) =hlu=e+Xroy) _ 1}
<glu—c+X,,) e [ W (umetXrpy ) 4) 1] (4.15)

glu—e+ X5, )e aghl((ufwxmﬂﬂeh'(( — e+ X, )+)

for some 6 € (0,1), where the inequality is due to the concavity of h(z) := log g(z) and the
last equality follows from the mean value theorem applied to the function e®. So, for any

(fixed) v € (xp,u) and for 0 < e < u — v, on {79} < 00},

5—1 [Q(U+Xro+) _g(u o 5+Xfro+)} S g(u _5‘|’X7-0+) Hah/((U—a+XTo+)+)h/((u _ 5‘|‘X7—0+)‘|‘)
< glu+ Xy ) U ((u — & + Xy, ) +)
g(u + X7—0+)€(U_U)h/(v+)h,(’l}+).

Since on {7y < oo}
lim g(u + Xr,., Je e IR ((u— &+ X)) = g(ut X I ((u+ X ) =) = ¢/ (w4 X)),

we have

mA(e) < lim B e~ g(u+ Xo, )e™ O (0 = € 4+ Xy ) 1)1y <oe)

=F (6_117'0+g/((u + X7—0+)—)1{TO+<OO}) , (416)

by the dominated convergence theorem together with the fact (c¢f. (4.12)) that
E (e g(u+ X7y, ) 1{r, <o0}) = g(u) < co. Instead of the upper bound in (4.15), we can

use the lower bound
gu+ X, ) —glu—e+ X)) > gu—c+X,,) e [ eh! (utXrgy ) =) _ 1}
to derive in a similar way

lim A(e) > B (e_qT0+g/((u + XTO+)_)1{TO+<°O}) ’
el0

which together with (4.16) establishes (4.14).
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To show lim, o B(e) = 0, note that V(z) = g(z) for z > uw and g(z) < V(x) < g(u) for
T < u. So
B(e)=¢'E [e_qﬂw (Vu—e+ X, ) —glu—e+ Xn,)) Lin, <co, X70+<€}]
<7 |(g(w) = 9(u = €)) L <oc, Xy, <c1
= 571 (g(u) - g(“ - 5)) P<TO+ < OO7X7'0+ < 5)7
implying that
@B(g) < ¢'(u=)P(104 < 00, X, =0) =0, (4.17)
(since 0 is irregular for (0, 00) and X does not creep upwards). Combining (4.14) and (4.17)
yields

V(=) = lime™ (V(w) = V=) = B (€79 (0 + Xry, )Ly, <o)

(ii) We have by part (i)
V/(u_) =F (6_q7—0+h,((u + Xr, )—)g(u + XT0+)1{T0+<00})
< E (7™ W (ut)g(u+ Xy, ) 1iny, <oc})
= h(ut)g(u) = ¢'(ut) = V'(ut),
where the inequality is due to the concavity of h(z). This inequality is an equality if and
only if P(h'((u+ X+, )—) = W (u+) | o4 < 00) =1, or equivalently 2/((u+ ()—) = I (u+).
(iii) Condition (4.5) implies that h'(z—) = W' (2+) = b/ (u+) for u < & < u + ¢, which in
turn implies that
g(z) = g(w)e? @HDE for 4 <z <u+ (. (4.18)
By (4.12) and (4.18),

g(u) = E (e7 g(u+ Xry, ) iry, <o0}) = g(u)E (e_‘m”eh/("HXTM 1{T0+<Oo}> . (4.19)
Let g(z) := g(u)e” @@= for 2 € R, so that
g(x) =g(z) for u<z<u+C(. (4.20)
Note that for all y € R,

E, (eiqu+§(XTy+)1{Ty+<00}) =L (eiqﬁwg(y + XTO+>1{T0+<OO}>

= g(u)ehl(u’L)(y_“)E (e_‘m” el (ut) X 1{m+<oo}>

= g(u)ehl(”)(y_“) =9(y), (4.21)
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where the third equality follows from (4.19). To show
V(z) =g(x) = g(u)e @ for o <, (4.22)

we treat the two cases h/(u+) = 0 and h'(u+) > 0 separately. If A'(u+) = 0, then g(u) =
max{g(z) : © € R}. In order for (4.12) to hold, necessarily ¢ = 0 and P(rp; < o0) = 1,
which implies that V(z) = g(u) for all x, proving (4.22). Now assume h'(u+) > 0. Note
that ¢ is nonconstant, continuous, increasing and logconcave. It is readily shown by (4.21)
that

V(z):=sup E, (67 9(X;)1{r<oc}) = g(z) forall z € R,
TEM

and that for any a € [—00, 00), 7, is optimal for the reward function §. So we have for z < u,

g(fL’) - Em (e_ung(XTu)l{Tu<w}) - Ex (e_ung(XTu)l{Tu<OO}> - V(ZL’),
where the second equality is due to (4.20). The proof is complete. 0

Remark 4.2. Theorems 4.1 and 4.2 assume that xo < u < 0o, which makes it unnecessary
to require the right-continuity of g at xo. Let g(x) > 0 be increasing and logconcave. We say
the g(x) is degenerate if log g(x) is linear for x in some interval. Note that g is degenerate
if condition (4.5) holds. For a nondegenerate g(x), ¢ > 0 and Lévy process X, suppose the
optimal threshold u (given in (3.5)) satisfies vo < u < 0o and g is differentiable at w. Then
by Theorems 4.1 and 4.2, the principle of smooth fit holds if and only if 0 is reqular for (0, 00)
for X. If g is degenerate, the principle of smooth fit may hold even when 0 is irreqular for
(0,00) for X. An example involving the Lévy process X; = —t + Ny, t > 0, where N, is a

Poisson process, can be found in [14).

Remark 4.3. When smooth fit fails, it is of interest to find conditions under which the
principle of continuous fit holds. Again suppose g is increasing and logconcave. If the
optimal threshold satisfies co > u > xo := inf{s : g(s) > 0}, then by Lemma 3.6, the value
function V(z) is continuous everywhere, so that there is continuous fit at u. Suppose that
u = xo and g is discontinuous at xg, i.e. g(ro—) = 0 < g(xg) = g(xo+). For a Lévy
process X for which 0 is reqular for (0,00), it is clear that V' is continuous at u (= x), i.e.
V(zo—) = V(zo) = g(xg). We now consider a Lévy process X for which 0 is irreqular for
(0,00). Since u = g, we have by Lemma 4.2 and (4.9),

9(xo) = E(e”"*g(x0 + Xry ) 1{ry, <o0})- (4.23)
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It follows from u = xy that V(x¢) = g(x0) and V(xo—) = E(e™+g(xo + Xy, ) L{ry, <oo})-
This proves that there is continuous fit (i.e. V(x¢) = V(xog—)) if and only if the inequality in
(4.23) is an equality.

5 Concluding remarks

The optimal stopping problem (1.1) involves the reward function g and the underlying
process { X;} as well as the discount rate ¢ > 0. Motivated by well-known results in the liter-
ature, we explored the close connection between increasing and logconcave reward functions
and optimal stopping times of threshold type. Specifically in this paper, ¢ is assumed to be
nonnegative, nonconstant, increasing, logconcave and right-continuous while {X;} is either
a random walk in discrete time or a Lévy process in continuous time. We showed that there

exists a unique threshold u € [—o00, 00] such that
(i) the value function V(x) > g(z) for x < uw and V(x) = g(x) for = > u;
(ii) if —oo < u < o0, then 7, = inf{t > 0: X; > u} is optimal;

(iii) if u = oo, the stopping region {z : V(z) = g(x)} = [u, 00) = () and no optimal stopping
time exists in the sense that for any initial state x and for any stopping time 7, one

can always find another stopping time 7’ such that P,(7" > 7) = 1 and

E, le™ g(X,) | Fr| > e g(X,) as. on {1 < oo}

The work of Alili and Kyprianou [1] makes use of a fluctuation identity to give insight
into the importance of the role played by the regularity of the paths of {X;} in the solution
for the American put optimal stopping problem. Building on it, we investigated the principle
of smooth fit more generally when ¢ is increasing and logconcave. We obtained necessary
and sufficient conditions for the smooth fit principle to hold. We also briefly discussed the
principle of continuous fit when smooth fit fails.

After the present paper had been submitted, a referee brought to our attention the
article by Christensen and Irle [5]. (Note that both [5] and the original version [14] of
the present paper were posted on the arXiv in October, 2017.) The authors proposed a
general method for finding the optimal threshold for discrete-time optimal stopping problems

with general underlying Markov processes { X, },>0. By considering an auxiliary problem
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involving the associated ascending ladder process, they introduced a threshold a* as a natural
candidate for the optimal threshold. Assuming that the optimal threshold is greater than
xo :=inf{s: g(s) > 0} and that for every z € R,

E, {sup e_q"g(Xn)} < oo and e "g(X,) = 0 as. as n — oo, (5.1)

n
they obtained a sufficient condition for a* to be optimal. Furthermore, they showed that the
sufficient condition is satisfied when g is increasing and logconcave and {X,, },,>0 is a random
walk, in which case o coincides with u in (2.2). They also showed that the sufficient
condition is satisfied in some well-known problems beyond the random walk setting. On the
other hand, in the present paper, for the discrete-time case, we only considered a general
random walk {X,,},>0 without imposing condition (5.1) or any other condition. Theorem
2.1 completely characterizes the solution of (1.1) in terms of u, where the full range of u is
—00 < 29 < u < 0o. The two extreme cases u = xy and u = oo required careful analysis
especially when ¢ is discontinuous at zy. Furthermore, we treated the continuous-time case
in some detail with a thorough discussion of the principle of smooth fit. When {X;}:>o
is a Lévy process with 0 irregular for (0,00), the optimal threshold given in (4.9) is the

continuous-time counterpart of u in (2.2), which is of independent interest.

6 Proofs of Lemmas 2.3—-2.6

Proof of Lemma 2.3. (i) For a € [—00,y), let Jy := T, and for n > 1,

Hlf{j > Jn,1 : Xj > XJ7L71}, if Jn,1 < 0Q;
o0, otherwise.

Here starting at X7, = X, (if 7, < o0), the (finite) Ji, Jo,... are the weak ascending
ladder epochs and X, X,,... are the corresponding weak ascending ladder heights. Let
L, = min{J,,T,} for n > 0. It is well known (c¢f. Theorem 8.2.5 of Chung [7]) that the
random walk {X,} either satisfies lim, X, = 400 a.s. or lim, ,oc X, = —o0 a.s. If
lim, 00 X,, = 400 a.s., then a.s. T, <ooand 0 < Jy < Ji < Jp <--- are all finite, so that
L, = min{J,,T,} = T, for large n. If lim,_,., X,, = —00 a.s., then a.s. there exists a finite
n’ > 0 such that J, = oo for all n > n/, implying that L,, = min{J,, T} = T, for all n > n'.

Thus, in either case, we have L, = T, for large n a.s. As a consequence,
e g (X1,) Lin, <o} — e_qug(XTy)l{Ty<oo} a.s., (6.1)
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which together with e™4»g(X )11, <00} < max{g(y), e "vg(Xr,)1{1,<o0} } implies
By (779 (X1,) Lz,<oet) = Eo (¢79(X1, ) Lz <o0)) (6.2)
We now prove that for n > 1,
E, (e7""g(X1,) L, <o0}) = Eu (7" g(X 1) 1L 1<o0}) - (6.3)

Note that

E:c (G_QLng (XLn) 1{Ln<oo}) = Ea: [e_an_ll{Ln_1<oo}E:c (G_Q(Ln_Ln_l)g (XLn) 1{Ln<oo} | XLn_la Ln—l)] .
(6.4)

For (integer) ¢ < oo and 2’ < y, we have
‘C(Ln - Lnfla XLn]-{Ln<oo} ‘ XLn_l = '7;/7 Lnfl = E) = £(Tx’> XTx/]-{TI/<oo} ’ XO = xl)a
so that

=Eu (e 9(Xr, )11, <o)/ 9(2") 2 Ey (" g(X,) Lz, <o) [9(y) 2 1,

where the first inequality follows from (2.6). So on A,, , := {L,—1 < 00, X, , <y}, we have
E (eiq(LniLnil)gCXLn)1{Ln<00} | XLnflenfl) > g(XLnfl)]'{Ln71<oo}' (65)

It is easily seen that on Q\A4,,,,

E (eiq(LniLn_l)g(XLn)1{Ln<00} ‘ XLn717Ln*1) = g(XL7L71)1{Ln71<00}' (66>

By (6.4)-(6.6), (6.3) follows. Since T, = Jy = min{Jy, T,} = Lo, we have by (6.2) and (6.3)
B, (7" g(X1,)Yr,<o0}) < o (7" g(X1,)Lp,<o0y) = B (€7 9(X,) 17, <00})

as n — o0o. This proves the desired inequality in Lemma 2.3(i).
(ii) For # < y, the desired inequality in Lemma 2.3(ii) is a consequence of part(i) and

g(x) < E, (e*qTIg(XTx)l{TI@o}). The proof is complete. ]

Proof of Lemma 2.4. Part(i) can be established along the lines of the proof of Lemma

2.3(i) with minor changes. Part(ii) follows immediately. O

30



Proof of Lemma 2.5. The special (trivial) case that ¢ = 0 and E(£) > 0 can be treated
easily. We now consider the general case ¢ > 0 and assume E(§) < 0 if ¢ = 0. Let

a = a(q) :=sup{\ > 0:¢(\) = e}, (6.7)

which is positive for ¢ > 0 and for ¢ = 0 with F(§) < 0.

Suppose —oo < u < o0 and let V*(z) = E, (e™1g(X,)1{r,<o0}), © € R. Then V*(z) =
g(x) for > u. We need to prove V*(z) = V(z) for all z. Since V(x) > V*(z), it remains
to show V*(z) > V(z). By Lemma 2.2, it suffices to prove

V*(z) > g(x) for z <u, (6.8)

and

V*(z) > E(e”V*(x +&)) for all x. (6.9)

Recall that uw > zp = inf{s : g(s) > 0}, implying that g(y) > 0 for all y > u and
E, (e g(X1,)1{1,<00}) > 0 (since P(£ > 0) > 0). By (2.2), we have E, (e~ g(Xr,)1{1,<00}) /9(¥)
<1 for y > w, which yields that

Ey (e7 " g(X1,)l1,<o0y) /9(u) = lim Ey (- g(X7,)1i1,<00}) /9(y) < 1, (6.10)

y—ru+

where the equality follows from g(u) = g(u+) and the fact that E, (e™"vg(X7,)1{r,<cc})
(which equals E (e"g(y 4+ X1,)1{ny<oc})) decreases to E, (e”"g(Xr1,)1{r,<o0}) > 0 as
y J u. Thus, g(u) > 0. Noting that ¢(X,,) > g(u) on {1, < 0o}, we have

Vi) = By (e g9(Xr) <o) = 9(w)Ey (67 1ir,<00p) > 0 for all a.

If u=uxg, V*(2) > 0= g(z) for & < u. If u> zy, B, (e g(Xr,)lir,<00}) /9(u) = 1 by
(2.7), which together with Lemma 2.3(ii) implies that g(z) < E, (e‘qT“g(XTu)l{Tu@o}) =
V*(z) for x < u. This proves (6.8).

To prove (6.9), we have by Lemma 2.1 that for z < u,

V(@) = By (€77 g(Xr) ru<oo}) = B (677 9(X1,)L{n,<00)) = E(e™ V(2 +€)).
By (6.10), we also have
E(e V" (u+¢))/V*(u) = By (e 9(X1,)L{g,<00}) /9(u) < 1, (6.11)
implying that V*(u) > E(e™1V*(u + £)).
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It remains to show (6.9) for x > u (> —o0). Letting h(z) := log g(x), fix an (arbitrary)
x > u (> o) with ¢ := h'(z—). We have g(z) > 0 and 0 < ¢ < oo. It follows from the
concavity of h that h(y) < h(z) + c(y — ) for all y € R. For each w € [0, 00), define

haly) h(z) + c(y — z), it y <a+w; (6.12)
h(y) + h(z) + cw — h(z +w), if y >z + w.

It is readily seen that h,(y) > h(y) for all y, h,(z) = h(x) and h,(-) is increasing, concave

and continuous. By the concavity of h, we have for 0 < w; < wy and for all y € R
0 < huy(y) — b, (¥) < h(x 4+ wy) + c(wy — wy) — h(z + ws), (6.13)

so that h,(-) is continuous and increasing in w. Note that ho(y) = limy, o hyw(y) =
h(z) + c(y — z) for all y € R.
For w € [0,00] and y € R, let g, (y) := e"® and

Un(y) := Ey (€77 gu(Xr,) 1 ir<o0}) - (6.14)
Then g, (y) = "W > e"® = g(y), so
Up(y) > V*(y) for all y. (6.15)
Note that
E(e 900 (y +€)) /9o (y) = e 1E(e"=H = W)) = 71 () = e7(c). (6.16)

If ¢ < «, then we have by the convexity of ¢ and (6.7) that e”¢(c) < e %p(a) = 1, implying
by (6.16) that E(e %90 (y+&)) < goo(y) for y € R. Thus, {e7 " g (X)) tn>o (With Xy = ) is
a (positive) supermartingale, so that E, (g0 (X1, ) 1{r,<00}) < goo(@) = g(x) = V*(2).

Therefore,

B(eV* (2 +6))/V*(x) < B(e Uaalt + €))/goc(z) (by (6.15))
= E, (6" goo(X1,) 1T <c0}) /9oo(z) (by Lemma 2.1 and (6.14))

<1,

proving (6.9) for x > u > —oo with ¢ < a. (Recall that ¢ = h/(x—) and « is given in (6.7).)

We now show (6.9) for x > u > —oo with ¢ > a > 0. For w € [0, o0, let

f(w):=E, (e_qT“”gw(XTz)l{Tz@o}) /g(x) (6.17)
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Since go(y) = g(y) for all y > = and since x > u, we have by (2.2) that

F(0) = Ex (e go (X1,) Limy<o0y) [9(x) = Ex ("9 (X1,) Lz, <00y) [9(2) < 1.

In addition, we have by (6.16) that E(e %9u0(y + £))/9oo(y) = € %(c) > e (o) = 1,
implying that {e™"g.(X,) }n>o (with Xy = x) is a submartingale, so that

E, (€77 9o (X11)) = goo(x) = g(x) for n=1,2,..., (6.18)

where T := min{7,,n}. Recall that F({) < 0 if ¢ = 0, in which case lim,,_,o X,, = —00

a.s. and lim, o goo(X,) = 0 a.s. Since for all n,
e_nggoo(XTg) < max{e Mgy (z), e‘qugoo(XTz)l{Tz@o}} a.s.

and since e 17 goo (Xpn) — €% 9o (X7, ) LT, <00} &.8. as n — 0o, we have by (6.17) and
(6.18) that

f(00) = By (67" goo (X1, )11, <oy) [9(2) = lim By (€77 goo(X1y)) [g(z) = 1.
Furthermore, by (6.13), for 0 < w; < wy < 00,
1 S f(w2)/f(w1) S eh(erwl)+c(w27w1)7h(x+w2)’

implying that f(w) is continuously increasing to f(oco) as w — oo. It follows from f(0) <

1 < f(o0) that f(w') =1 for some w’ € [0, 00]. Noting that V*(z) = g(x) = g (x), we have

E(e™V*(x+¢€))/V*(z) < E(e WUy (z +€))/gw(x) (by (6.15))
=E, (e g, (X1,) L{7,<00}) /9w (z) (by Lemma 2.1)  (6.19)
< Ex (e_qugw’ (XTZ) 1{T1;<OO}) /gw/(ZE) = f(w/) = 17
where the second inequality follows by Lemma 2.3(i) applied to g, (which is increasing

and logconcave). This proves (6.9) for z > u > —oo with ¢ > a > 0, and establishes the

optimality of 7, for the case —oo < u < o0.

To prove the optimality of 7, for v = —oo, we approximate g(x) by a sequence of
increasing and logconcave functions g, () := g(2)1—ne)(z), n =1,2,.... Let u, be defined
as in (2.2) with g replaced by g,. Since u = —oo, we have u, = —n, so that 7,, = 7,

is optimal for the optimal stopping problem (1.1) with g replaced by g,. Since g, /' g as

n — 00, it is easily seen that V(x) = g(x) for all x, implying that 7_., is optimal.
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Finally, to show V(z) > g(z) for + < w and V(z) = g(z) for x > w, all that remains
to be done is to prove V(z) > g(x) for x < u. For x < u with g(x) > 0, we have by (2.2)
that g(z) < E, (e7 " g(X1,)1{1,<00}) < V(z). For z < u with g(z) =0, g(z) < V(z) holds
trivially. The proof of Lemma 2.5 is complete. 0

Proof of Lemma 2.6. Note that for x > 2/, E,(e” " g(Xr1,)1{1,<00}) < SUp,egr 9(Y) = c =
g(x), implying that v < 2/. For k = 1,2,..., let {X,(Ik)}nzo be a random walk generated
by (truncated) increments ffk) = min{&;, k}, i = 1,2,.... For x € R, define Vi(z) :=
SUD e pmq) By <e‘q7g(X§k))1{T<oo}>, where M®) C M is the class of stopping times with
values in [0, 00] with respect to the filtration {.F,Sk)}nzo, with FiF = a{ffk), . ,&Sk)} C
o{&1, .. &} = Fn. Since {&,} is iid. and {XP} is Markov, it is not difficult to see that

the value function Vj(x) cannot be increased by taking stopping times in M, i.e.

Vi(z) = sup E, (e "g(X")1irc0y) = sup B, (e 7g(XP)1grcoey) - (6.20)
reM®) TEM

For any 7 € M, we have e_ng(Xﬁk))l{Koo} e g( X7 )1 rcoo} a.s. as k — 00, so that
E(e_ng(Xﬁk))l{Koo}) S E(eT7g(X:)1reoy) as k — o0.
It follows that
Vi(z) /A V(z)as k — oo. (6.21)

Let T :=inf{n > 1: X" > 2z} and

. _or®
uy := inf {x cR:E, <€ ate Q(X;ZL)I{T;MQO],) /9(x) < 1} <1’ < oo

Since E(eX"™) < oo for all A > 0, we have by Lemma 2.5 that

Vi(z) = E, <€_qﬂy’z)g(X(l(€/3>)1{75’,?@0}) >0 for all z,
k

Tu

where 74 := inf{n > 0 : xH > ug}. Since Viii(z) > Vi(x) for all x, we have g(ug1) =
Viep1 (1) > Vi(ug1) > g(ups1). So g(ugir) = Vi(ugsr), implying that ugiq > uy.

Let uo = limyg_,oo ux. We prove the optimality of 7, in two steps. We show in step 1 that
Tus, 18 Optimal and in step 2 that u., = u.

Step 1. We show that 7, is optimal, i.e.
V(z) = Ey(e” "> g(X:, )li{r,. <o) forall z. (6.22)
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For any = > us,, we have © > u;, and Vi(x) = g(z) for all k, which implies by (6.21) that
V(z) = limg_00 Vi(2) = g(z), establishing (6.22) for # > u.,. It remains to prove (6.22) for

T < Us. It suffices to show for x < u., that

Vi) = Eo(e™ ™ g(X )1 ) = Ey(e e g(X
Uk

Tuco

0 <00 M {r<oc}) a8 k—00. (6.23)

We argue below that with Xg = 2 < uy, as k — oo
e, g(X(k) )1{ ) oy e e g( X, ){r,. <oo} a.5., (6.24)

which together with the bounded convergence theorem implies (6.23). We now show that
(6.24) holds a.s. on {7, < oo} and on {7, = oo} separately. Let A := max;<,, § < 00
on {7, < oo}. Then, for k > A, X = 2 + Z;Zlfék) =+ 23':1 =X, foralli <7, .
Letting A’ := maxo<j<r,  Xi (< ux), choose a sufficiently large ko such that ky > A and
ug, > A’. Thus, n&’,j) =Ty, and X (,3) = X, forall k> ko, implying that the two sides of
(6.24) are equal for all £ > kq. So (6 24) holds a.s. on {7, < oco}.

To show (6.24) holds a.s. on {7, = oo}, note that the random walk {Xg, X1,...}
either satisfies lim,_,oo X, = +00 a.s. or lim, .0 X, = —00 a.s. If lim, X, = 400
a.s., then 7, < oo a.s., so that trivially (6.24) holds a.s. on {7, = oo}. Now suppose
lim, 00 X, = —00 a.s. Then on {7, = oo, lim, ,,, X,, = —oo}, there is an ny € N such
that X,, < us for 0 < n < ng and X,, < us — 1 for n > ng. Let 0 < ¢ < 1 be such
that £ < us — max{Xo, Xi,..., Xy}, so that X,, < u, — ¢ for all n. Choose k; such that
U > Uso — € for all k > ky. For k > kq, Xk) < X, < Ug — € < uy for all n, SOth&tﬂSk) =00
for k > ky. Hence, on {7, = 00, lim,_,., X,, = —oc}, both sides of (6.24) equal 0 for k > k;.
It follows that (6.24) holds a.s. on {7, = oco}. This completes step 1.

Step 2. We now prove that us = u. If us, = —00, then xy = —o0, i.e. g(z) > 0 for all
z. By the optimality of 7, = 7o = 0, g(z) = V() > E, (e7g(X1, )11, <o) for all z,
implying that u = —oo.

If u > us > —00, we have by (6.22) that g(us) = V(us) > 0 and by (2.2) that

L < By (e g( X, )11, <o) /9(too) < V(Uso)/g(use) = 1,

a contradiction. So u < us. Now suppose u < us. Let x be such that u < r < u. By

(2.2), Ey(e7 " g(X7,)1{1,<00y)/9(x) < 1, which by Lemma 2.4(ii), implies that

g(x) > Ey(e” 1> g(X,, )1lir,_ <o) = V(). (6.25)
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Since r < s, wWe can choose k such that x < wg. By Lemma 2.5 applied to the random
walk with increments fz(k) for which Vj is the value function and wy is the optimal threshold,
we have g(z) < Vi(z) < V(x), contradicting (6.25). This proves u = .

Finally, it follows easily from the optimality of 7, that V(z) > g(x) for x < u and
V(z) = g(x) for x > u. The proof is complete. O
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