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Abstract
In the literature on scan statistics, the distributions of continuous scan statistics for one-
dimensional Poisson processes have been extensively studied, most of which deal with
single window scan statistics under homogeneous Poisson processes. In this paper, we
consider discrete approximations for the distributions of multiple window scan statistics
of homogeneous/nonhomogeneous Poisson processes. We derive the first-order terms of
the discrete approximations, which involve some functionals of the Poisson processes. We
then apply Richardson’s extrapolation to yield corrected (second-order) approximations.
Numerical results are presented to show the accuracy of the approximations.
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1 Introduction

Let �(t) be a Poisson process with intensity function λ(t) > 0 on (0, 1]. For a specified
window size 0 < w < 1, the continuous scan statistic is defined as

Sw = Sw(�) := max
0≤t≤1−w

|� ∩ (t, t + w]|,

the maximum number of Poisson points within any window of size w, where |A| is the
cardinality of set A, which arises from the likelihood ratio test for the null hypothesis H0:
λ(t) = λ (constant) versus Ha : λ(t) = λ + � or λ according to whether t is in or outside
the interval (a, a + w] for (unknown) 0 ≤ a ≤ 1 − w and � > 0. For a thorough review
and comprehensive discussion of scan statistics, see Glaz and Naus (2010) and Glaz et al.
(2001).

There have been numerous studies in the literature dealing with the conditional and
unconditional probabilities P(Sw ≥ k | |�| = N) and P(Sw ≥ k) for integers N ≥ k ≥ 2.
In the conditional case, Huntington and Naus (1975) and Hwang (1977) gave exact expres-
sions for P(Sw ≥ k | |�| = N) under H0 while Cressie (1977) derived exact formulas for
P(Sw ≥ k | |�| = N) under Ha . Unfortunately, these expressions involve summing up a
large number of determinants of large matrices which are not easy to evaluate. Note that the
unconditional probability P(Sw ≥ k) is a weighted average of the conditional probabilities
P(Sw ≥ k | |�| = N) over N with weights P(|�| = N), for which no computation-
ally efficient (exact) formulas are available. Various bounds and approximations have been
derived, see e.g. Naus (1982), Janson (1984), Glaz and Naus (1991), and Loader (1991).
For more general large deviation approximation results, see Chan and Zhang (2007), Sieg-
mund and Yakir (2000), and Fang and Siegmund (2016). The continuous scan statistic Sw

may be approximated by a discrete analogue via time discretization. Specifically, assum-
ing w = p/q (p and q integers), partition the (time) interval (0, 1] into n subintervals of
length n−1, n a multiple of q. The i-th subinterval ((i − 1)/n, i/n] (independently) either
contains exactly one point (with probability

∫ i/n

(i−1)/n λ(s)ds) or no point (with probability

1− ∫ i/n

(i−1)/n λ(s)ds). As a window of size w covers nw = np/q subintervals, we define the

discrete scan statistic S
(n)
w to be the maximum number of points within any nw consecutive

subintervals. Fu et al. (2012) showed that P(S
(n)
w ≥ k) can be computed via the Markov

chain embedding method and that P(Sw ≥ k) − P(S
(n)
w ≥ k) = O(n−1). See also Fu

(2001), Fu and Koutras (1994), and Koutras and Alexandrou (1995) for related results.
Some extensions of the (single window) scan statistic have been proposed in the liter-

ature. Nagarwalla (1996) introduced a scan statistic with a variable window whose size is
not chosen a priori. Wu (2017) proposed a weighted scan statistic with the weight function
inversely proportional to the intensity function λ(t). Glaz and Zhang (2004) and Naus and
Wallenstein (2004) proposed multiple window scan statistics involving a number of differ-
ent window sizes wr , r = 1, . . . , r∗, and studied the joint distribution of Swr , r = 1, . . . , r∗.
Wu et al. (2013) considered approximating P(Swr ≥ kr for some 1 ≤ r ≤ r∗) by
P(S

(n)
wr ≥ kr for some 1 ≤ r ≤ r∗) where S

(n)
wr is the discrete analogue of Swr by

partitioning the interval (0, 1] into n subintervals.
In this paper, we consider approximating the (unconditional) distributions of multiple

window scan statistics of Poisson processes with intensity function λ(t) satisfying the
following condition.
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Condition (A) λ(t) is bounded away from 0 and there exist an integer ξ ≥ 0 and 0 = d0 <

d1 < · · · < dξ < dξ+1 = 1 such that λ′(t) is bounded and continuous in t ∈ (d�, d�+1),
� = 0, 1, . . . , ξ .

Assuming the window sizes w1, . . . , wr∗ are rational numbers, under condition (A), the
corrected discrete approximations for single window scan statistics in Yao et al. (2017)
are extended to improve the convergence rate of the discrete (first-order) approximation
P(S

(n)
wr ≥ kr for some 1 ≤ r ≤ r∗) for P(Swr ≥ kr for some 1 ≤ r ≤ r∗). Wu et al.

(2013) showed that the discrete approximation P(S
(n)
wr ≥ kr for some 1 ≤ r ≤ r∗) can be

computed via the Markov chain embedding method and that

P(Swr ≥ kr for some 1 ≤ r ≤ r∗) − P(S(n)
wr

≥ kr for some 1 ≤ r ≤ r∗) = O(n−1).

In Section 2, we make use of a coupling argument to derive the limit

lim
n→∞ n

[
P(Swr ≥ kr for some 1 ≤ r ≤ r∗) − P(S(n)

wr
≥ kr for some 1 ≤ r ≤ r∗)

]
, (1.1)

which involves some functionals of �. As in Yao et al. (2017), to facilitate the proof, we
introduce a slightly different discrete scan statistic (denoted by S

′(n)
wr ), which is stochastically

smaller than Swr and S
(n)
wr . We obtain the limits

lim
n→∞ n

[
P(Swr ≥ kr for some 1 ≤ r ≤ r∗) − P(S′(n)

wr
≥ kr for some 1 ≤ r ≤ r∗)

]

and

lim
n→∞ n

[
P(S(n)

wr
≥ kr for some 1 ≤ r ≤ r∗) − P(S′(n)

wr
≥ kr for some 1 ≤ r ≤ r∗)

]
,

which together yield the limit in Eq. 1.1. Based on these limit results, we apply in Section 3
Richardson’s extrapolation to obtain corrected (second-order) approximations for P(Swr ≥
kr for some 1 ≤ r ≤ r∗). Numerical results are presented to show the accuracy of the
approximations. The proofs of two technical lemmas (stated in Section 2) are relegated to
Section 4.

2 Main Results

Recall that for r = 1, . . . , r∗,

Swr = Swr (�) := max
0≤t≤1−wr

|� ∩ (t, t + wr ]|,

where wr = pr/q (p1, . . . , pr∗ , q all integers) and the Poisson process � has intensity
function λ(t) satisfying condition (A). To define the two discrete scan statistics S

(n)
wr and

S
′(n)
wr mentioned in Section 1, for n = mq (m = 1, 2, . . . ), let In

1 , I n
2 , . . . , I n

n be independent
Bernoulli random variables with

P(In
i = 0) = exp

(

−
∫ i

n

i−1
n

λ(s)ds

)

and P(In
i = 1) = 1 − P(In

i = 0), i = 1, . . . , n;

and let Hn
1 , Hn

2 , . . . , Hn
n be independent Bernoulli random variables with

P(Hn
i = 1) = min

{∫ i
n

i−1
n

λ(s)ds, 1

}

and P(Hn
i = 0) = 1 − P(Hn

i = 1), i = 1, . . . , n.
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Then (In
1 , . . . , I n

n ) approximates � by matching the probability of no point in each
subinterval, i.e.

P(In
i = 0) = P

(∣∣
∣
∣� ∩

(
i − 1

n
,

i

n

]∣∣
∣
∣ = 0

)

= exp

(

−
∫ i

n

i−1
n

λ(s)ds

)

,

while (Hn
1 , . . . , Hn

n ) approximates � by matching the expected number of points in each
subinterval, i.e.

E(Hn
i ) = E

(∣∣
∣
∣� ∩

(
i − 1

n
,

i

n

]∣∣
∣
∣

)

=
∫ i

n

i−1
n

λ(s)ds < 1 (for large n).

For r = 1, 2, . . . , r∗, the two discrete scan statistics S
′(n)
wr and S

(n)
wr are defined as

S
′(n)
wr = S

(n)
wr ,I

:= max
i=1,...,n−nwr+1

i+nwr−1∑

j=i

I n
j , (2.1)

S
(n)
wr = S

(n)
wr ,H

:= max
i=1,...,n−nwr+1

i+nwr−1∑

j=i

Hn
j . (2.2)

Using a coupling argument, we now derive the limits

limn→∞ n
[
P(Swr ≥kr for some 1≤ r ≤ r∗)−P(S

(n)
wr ,I

≥kr for some 1≤r ≤r∗)
]

and limn→∞ n
[
P(Swr ≥kr for some 1≤r ≤r∗)−P(S

(n)
wr ,H

≥kr for some 1 ≤ r ≤ r∗)
]

in Sections 2.1 and 2.2, respectively.

2.1 Matching the Probability of no Point

Since (In
1 , . . . , I n

n ) and � match in the probability of no point in each subinterval, we may
define In

i = 1{� ∩ ( i−1
n

, i
n
] 
= ∅}, i = 1, . . . , n, so that (In

1 , . . . , I n
n ) and � are defined

on the same probability space. (Here 1A = 1A denotes the indicator function of set A.) For
wr = pr/q with p1 < p2 < · · · < pr∗ , and for integers 2 ≤ k1 < k2 < · · · < kr∗ , let

α = P(A), where A = ⋃r∗
r=1{Swr ≥ kr }, (2.3)

and αn = P(An), where An = ⋃r∗
r=1{S(n)

wr ,I
≥ kr }. (2.4)

Let M := |�|, which is Poisson distributed with mean
∫ 1
0 λ(s)ds. Writing � =

{Q1, Q2, . . . , QM }, we assume (with probability 1) that 0 < Q1 < · · · < QM < 1. Note
that, with probability 1, for r = 1, 2, . . . , r∗ and � = 1, 2, . . . , M ,

wr /∈ �, 1 − wr /∈ �, Q� ± wr /∈ �, Q� /∈ D, Q� ± wr /∈ D, (2.5)
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where D := {d1, d2, . . . , dξ }, the set of discontinuities of λ(t). (Note that D = ∅ if ξ = 0.)
Define

ν(�) :=
r∗
∑

r=1

∑

{�: Q�<1−wr }
λ(Q� + wr)1

{
Swm <km for all m=1, . . . , r∗, |� ∩ (Q�,Q�+wr ]|=kr −2,

|� ∩ (t, t + wr ]|≤kr − 2 for all t with Q� ≤ t ≤ Q�+wr

}
, (2.6)

ν̃(�) :=
M∑

�=1

λ(Q�)1
{
Swr < kr for all r = 1, . . . , r∗,

max
0≤t≤1−wr

|(� ∪ {Q�}) ∩ (t, t + wr ]| = kr for some 1 ≤ r ≤ r∗}, (2.7)

where � ∪ {Q�} is interpreted as a multiset with Q� having multiplicity 2.

Theorem 2.1 For n = mq (m = 1, 2, . . . ), define α, αn, ν(�) and ν̃(�) as in Eqs. 2.3,
2.4, 2.6 and 2.7, respectively. Then

lim
n→∞ n(α − αn) = 1

2
E
[
ν(�) + ν̃(�)

]
.

To prove Theorem 2.1, we need the following lemma, whose proof is relegated to
Section 4. We denote the complement ofAn byAc

n, and for i = 1, . . . , n, let

Ĩ n
i =

∣
∣
∣
∣� ∩

(
i − 1

n
,

i

n

] ∣∣
∣
∣, the number of Poisson points in the i-th subinterval. (2.8)

Then Ĩ n
i = 0 implies In

i = 0 and Ĩ n
i ≥ 1 implies In

i = 1.

Lemma 2.1 For n = mq (m = 1, 2, . . . ), define Ĩ n
i , i = 1, . . . , n, as in Eq. 2.8, and let

P (n)
i,r =P

⎛

⎝Ac
n,

i+nwr−1∑

j=i+1

In
j =kr −2, I n

i =In
i+nwr

=1

⎞

⎠ , r =1, . . . , r∗, i =1, . . . , n − nwr,

(2.9)
and

P̃ (n)
i = P

⎛

⎝Ac
n, Ĩ

n
i = 2,

i′+nwr−1∑

j=i′
In
j = kr − 1 for some (i′, r)

with 1 ≤ i′ ≤ i ≤ i′ + nwr − 1 ≤ n and 1 ≤ r ≤ r∗) , i = 1, . . . , n.

Then

α − αn = 1

2

r∗
∑

r=1

n−nwr∑

i=1

P (n)
i,r +

n∑

i=1

P̃ (n)
i + O(n−2).

Proof of Theorem 2.1 By Lemma 2.1, we have

α − αn = 1

2

r∗
∑

r=1

n−nwr∑

i=1

P (n)
i,r +

n∑

i=1

P̃ (n)
i + O(n−2). (2.10)
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For r = 1, . . . , r∗ and i = 1, . . . , n − nwr , let P ′(n)
i,r = P(Fi,r ) where

Fi,r := Ac
n∩

⎧
⎨

⎩

i+nwr−1∑

j=i+1

In
j = kr − 2, I n

i = 1, I n
i+nwr

= 0,

sum of any nwr consecutive In
j including j = i + nwr is at most kr − 2

}

.

We claim, for 1 ≤ r ≤ r∗, that

P (n)
i,r /P ′(n)

i,r = ρ
(n)
i,r , i = 1, . . . , n − nwr, (2.11)

where

ρ
(n)
i,r := P(In

i+nwr
= 1)

P (In
i+nwr

= 0)
= exp

(∫ wr+ i
n

wr+ i−1
n

λ(s)ds

)

− 1.

To establish the claim, note that the event inside the parentheses on the right-hand side
of Eq. 2.9,Ac

n ∩{∑i+nwr−1
j=i+1 In

j = kr −2, I n
i = In

i+nwr
= 1}, depends only on (In

1 , . . . , I n
n )

and can be interpreted as a collection of configurations (In
1 , . . . , I n

n ) = (h1, . . . , hn) where
(h1, . . . , hn) satisfies

h� = 0 or 1 for all �, max
j=1,...,n−nwm+1

j+nwm−1∑

�=j

h� < km for all m = 1, . . . , r∗,

i+nwr−1∑

�=i+1
h� = kr − 2 and hi = hi+nwr = 1. (2.12)

Likewise, the event Fi,r is a collection of configurations (In
1 , . . . , I n

n ) = (h′
1, . . . , h

′
n)

where (h′
1, . . . , h

′
n) satisfies

h′
� = 0 or 1 for all �, max

j=1,...,n−nwm+1

j+nwm−1∑

�=j

h′
� < km for all m = 1, . . . , r∗,

i+nwr−1∑

�=i+1
h′

� = kr − 2,

h′
i = 1, h′

i+nwr
= 0, and sum of any nwr consecutive h′

� including � = i + nwr is at most kr − 2.

(2.13)

It is readily seen that a configuration (In
1 , . . . , I n

n ) = (h1, . . . , hn) satisfies (2.12) if and
only if (In

1 , . . . , I n
n ) = (h′

1, . . . , h
′
n) satisfies (2.13) where (h′

1, . . . , h
′
n) = (h1, . . . , hn) −

ei+nwr with ei+nwr being the vector of zeroes except for the (i +nwr)-th entry being 1. The
claim (2.11) now follows from the independence property of In

1 , . . . , I n
n .

Let Dr,n := {1 ≤ j ≤ n − nwr : (
j−1
n

,
j
n
) ∩ D 
= ∅ or (wr + j−1

n
, wr + j

n
) ∩ D 
= ∅}.

By condition (A), we have for i ∈ {1, . . . , n − nwr }\Dr,n,

ρ
(n)
i,r = 1

n
λ

(

wr + i − 1

n
+ 1

2n

)

+ O(n−2), (2.14)
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where the O(n−2) term is uniform in i ∈ {1, . . . , n − nwr }\Dr,n. Since |Dr,n| ≤ 2ξ < ∞,
it follows from Eqs. 2.11 and 2.14 that

r∗
∑

r=1

n−nwr∑

i=1

P (n)
i,r =

r∗
∑

r=1

n−nwr∑

i=1

ρ
(n)
i,r P

′(n)
i,r

=
r∗
∑

r=1

n−nwr∑

i=1

ρ
(n)
i,r P (Fi,r )

=
r∗
∑

r=1

n−nwr∑

i=1

1

n
λ

(

wr + i − 1

n
+ 1

2n

)

P(Fi,r ) + O(n−2)

= 1

n
E[ν(n)(�)] + O(n−2), (2.15)

where

ν(n)(�) =
r∗
∑

r=1

n−nwr∑

i=1

λ
(
wr + i−1

n
+ 1

2n

)
1

{

Ac
n,

i+nwr−1∑

�=i+1
In
� = kr − 2, I n

i = 1, I n
i+nwr

= 0,

sum of any nwr consecutive In
� including � = i + nwr is at most kr − 2

}

.

To deal with P̃ (n)
i , i = 1, 2, . . . , n, let

P̃ ′(n)
i = P

(
Ac

n, I
n
i = 1,

i′+nwr−1∑

�=i′
In
� = kr − 1 for some (i′, r)

with 1 ≤ i′ ≤ i ≤ i′ + nwr − 1 ≤ n and 1 ≤ r ≤ r∗).

Following an argument similar to the proof of Eq. 2.11, we have P̃ (n)
i /P̃ ′(n)

i = ρ̃
(n)
i for

i = 1, . . . , n, where

ρ̃
(n)
i = P(Ĩ n

i = 2)

P (In
i = 1)

=
(∫ i

n

i−1
n

λ(s)ds

)2/

2

[

exp

(∫ i
n

i−1
n

λ(s)ds

)

− 1

]

.

By condition (A), we have uniformly in i ∈ {1, . . . , n}\{1 ≤ j ≤ n :
(

j−1
n

,
j
n

)
∩D 
= ∅},

ρ̃
(n)
i = 1

2n
λ

(
i − 1

n
+ 1

2n

)

+ O(n−2).

So,

n∑

i=1

P̃ (n)
i =

n∑

i=1

ρ̃
(n)
i P̃ ′(n)

i

= 1

2n

n∑

i=1

λ

(
i − 1

n
+ 1

2n

)

P̃ ′(n)
i + O(n−2)

= 1

2n
E[ν̃(n)(�)] + O(n−2), (2.16)
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where

ν̃(n)(�) :=
n∑

i=1

λ

(
i − 1

n
+ 1

2n

)

1

⎧
⎨

⎩
Ac

n, I
n
i = 1,

i′+nwr−1∑

�=i′
In
� = kr − 1

for some (i′, r) with 1 ≤ i′ ≤ i ≤ i′ + nwr − 1 ≤ n and 1 ≤ r ≤ r∗
}

.

It follows from Eqs. 2.10, 2.15 and 2.16 that

n(α − αn) = 1

2
E[ν(n)(�) + ν̃(n)(�)] + O(n−1). (2.17)

By Eq. 2.5, ν(n)(�) and ν̃(n)(�) converge a.s. to ν(�) and ν̃(�) respectively. Since λ is
bounded, we have

max
{
ν(n)(�), ν̃(n)(�)

}
≤
(

sup
0<t<1

λ(t)

) r∗
∑

r=1

n∑

i=1

1{In
i = 1} ≤

(

sup
0<t<1

λ(t)

)

r∗|�|.

By the dominated convergence theorem,

E
[
ν(n)(�) + ν̃(n)(�)

]
→ E

[
ν(�) + ν̃(�)

]
as n → ∞,

which together with Eq. 2.17 completes the proof.

Remark 2.1 Since λ is bounded and P(Ĩ n
i ≥ 2) = O(n−2) uniformly in i, it can be shown

that

E
[
ν(n)(�) + ν̃(n)(�)

]
− E

[
ν(�) + ν̃(�)

] = O(n−1),

which together with Eq. 2.17 implies

α − αn = E
[
ν(�) + ν̃(�)

]

2n
+ O(n−2). (2.18)

2.2 Matching the Expected Number of Points

Recall that Hn
1 , Hn

2 , . . . , Hn
n are independent with

P(Hn
i = 1) = min

{∫ i
n

i−1
n

λ(s)ds, 1

}

= 1 − P(Hn
i = 0), i = 1, 2, . . . , n.

Let

Bn =
r∗
⋃

r=1

{S(n)
wr ,H

≥ kr } =
r∗
⋃

r=1

⎧
⎨

⎩
max

i=1,...,n−nwr+1

i+nwr−1∑

j=i

Hn
j ≥ kr

⎫
⎬

⎭

and βn = P (Bn). For u ∈ (0, 1), let f (u) = λ2(u)
/∫ 1

0 λ2(s)ds and

E(u) =
r∗
⋃

r=1

{

max
0≤t≤1−wr

|(� ∪ {u}) ∩ (t, t + wr ]| ≥ kr

}

.
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Theorem 2.2 Define α, ν(�) and ν̃(�) as in Eqs. 2.3, 2.6 and 2.7, respectively. For n = mq

(m = 1, 2, . . . ),

lim
n→∞

2n(α − βn)
∫ 1
0 λ2(s)ds

= E[ν(�) + ν̃(�)]
∫ 1
0 λ2(s)ds

+ α −
∫ 1

0
f (u)P (E(u)) du.

To prove Theorem 2.2, we need the following lemma, whose proof is also relegated to
Section 4.

Lemma 2.2 Define αn as in Eq. 2.4. Then, for n = mq (m = 1, 2, . . . ),

lim
n→∞

2n (βn − αn)
∫ 1
0 λ2(s)ds

= −α +
∫ 1

0
f (u)P (E(u))du.

Proof of Theorem 2.2 Since

2n(α − βn)
∫ 1
0 λ2(s)ds

= 2n(α − αn)
∫ 1
0 λ2(s)ds

− 2n(βn − αn)
∫ 1
0 λ2(s)ds

,

Theorem 2.2 follows from Theorem 2.1 and Lemma 2.2. The proof is complete.

Remark 2.2 Similarly to Eq. 2.18, it can be shown that

α − βn = 1

2n

{

E
[
ν(�) + ν̃(�)

] +
∫ 1

0
λ2(s)ds

[

α −
∫ 1

0
f (u)P (E(u)) du

]}

+ O(n−2).

(2.19)

Remark 2.3 Theorems 2.1, 2.2 and Lemma 2.1 of Yao et al. (2017) are, respectively, special
cases of our Theorems 2.1, 2.2 and Lemma 2.2 when r∗ = 1 and λ(t) = λ (constant). Our
proofs of the main results follow those in Yao et al. (2017) closely.

3 Numerical Results and Discussion

In this section, we compare several approximations numerically for r∗ = 1, 2, 3 and various
combinations of (w1, . . . , wr∗) and (k1, . . . , kr∗). Four intensity functions are considered:
λ(t) = 5 (constant),

λ1(t) = 2 + (12 − 16t)1(1/4,3/4](t), t ∈ (0, 1],
λ2(t) = 2 +

(

8 − 32

∣
∣
∣
∣t − 1

2

∣
∣
∣
∣

)

1(1/4,3/4](t), t ∈ (0, 1],
λ3(t) = 2 + 8 · 1(1/4,3/4](t), t ∈ (0, 1],

where the last three intensity functions are plotted in Fig. 1. While α − αn = O(n−1) and
α − βn = O(n−1) (implying that αn and βn are first-order approximations of α), we have
by Eqs. 2.18 and 2.19 that

α = αn + Cαn−1 + O(n−2) and α = βn + Cβn−1 + O(n−2), (3.1)

where

Cα = 1

2
E[ν(�) + ν̃(�)]
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Fig. 1 The three intensity functions λi(t), i = 1, 2, 3

and

Cβ = 1

2

{

E[ν(�) + ν̃(�)] +
∫ 1

0
λ2(s)ds

[

α −
∫ 1

0
f (u)P (E(u))du

]}

.

For an even integer n with n/2 a multiple of q, define the corrected discrete approximations

α̃n = 2αn − αn/2 and β̃n = 2βn − βn/2,

which are Richardson’s extrapolations. It follows from Eq. 3.1 that α − α̃n = O(n−2) and
α − β̃n = O(n−2), i.e. α̃n and β̃n are second-order approximations of α.

Table 1 presents the values of n(α−αn) and n(α−βn) for n = 100, 200, 400, 800. If the
exact value of α is available, n(α−αn) and n(α−βn) should converge as n → ∞ to Cα and
Cβ , respectively. Except for the case r∗ = 1 and λ(t) = 5 for which the exact α is available
from Neff and Naus (1980), we carried out Monte Carlo simulations to estimate α as well
as Cα and Cβ . For the case r∗ = 1 and λ(t) = 5, n(α − αn) and n(α − βn) appear to be
monotonically increasing in n. For some other cases (e.g. (w1, w2, w3) = (0.05, 0.1, 0.2)),
the convergence of n(α − αn) and n(α − βn) appears to be slow, which is due partly to
the simulation error in α and partly to the small value of w1 = 0.05. Note that in order for
the discrete approximations to be accurate, nwr , r = 1, . . . , r∗, need to be large (i.e. each
window is required to cover a large number of subintervals). Thus, if some wr is small,
n needs to be large in order for the approximations to be accurate. Additional numerical
results on the convergence of n(α − αn) and n(α − βn) are given in Table 2 for different
combinations of (w1, . . . , wr∗) and (k1, . . . , kr∗).

Tables 3, 4 and 5 present approximation errors α − αn, α − βn, α − α̃n and α − β̃n.
According to the tables, when n doubles, the errors of αn and βn decrease by roughly a
factor of 2 as expected. On the other hand, as n doubles, the errors of α̃n and β̃n are expected
to decrease by roughly a factor of 4, which, however, is not so in some cases. Again, it is
due, to some extent, to the simulation error in α. As an example, in Table 3, for the four
intensity functions and for (w1, w2) = (0.1, 0.2) and (k1, k2) = (3, 5), α − α̃400, α − α̃800,
α − β̃400 and α − β̃800 are either comparable (in magnitude) to or smaller than the s.e. of
the estimated value of α.

Remark 3.1 In Tables 1, 2, 3, 4 and 5, the Monte Carlo simulation estimates of α, Cα and
Cβ were based on 107 replications for each case. As a result, the standard error (s.e.) for
the estimate of α in each case is about 10−4. The first-order approximations αn and βn were
both computed via the Markov chain embedding method. More precisely, for λ(t) = λ

(constant), 1 − αn and 1 − βn were obtained from formula (2.2) in Lemma 2.1 of Wu
et al. (2013) where the parameter p in the (essential) transition matrix �E(k; p) equals
p = P(In

i = 1) = 1 − e−λ/n for αn and p = P(Hn
i = 1) = λ/n for βn. For time-varying
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λ(t), αn and βn were found by the formula in Remark 4.1 of Wu et al. (2013) where the
value of p varies from subinterval to subinterval. Specifically, for the i-th subinterval,

pi = P(In
i = 1) = 1 − exp

(
− ∫ i/n

(i−1)/n λ(s)ds
)

for αn

and pi = P(Hn
i = 1) = ∫ i/n

(i−1)/n λ(s)ds for βn.

Remark 3.2 Scan statistics arise naturally in search of clusters of events. In the one-
dimensional setting, the sequence of events (denoted by �) is often modeled as a Poisson
process with (unknown) intensity function λ(t), which is typically assumed to be constant
under the null hypothesis. The referee of this paper raised the question of how to apply
a classic scan statistic when the null hypothesis is that λ(t) = λ0(t) for some specified
(nonconstant) function λ0(t). While to address this issue thoroughly is beyond the scope
of this paper, it seems reasonable to consider the following approach via a change of time.
Assuming λ0(t) > 0 for t ∈ (0, 1], define

T (t) =
∫ t

0
λ0(s)ds

/
λ, 0 < t ≤ 1

(

λ :=
∫ 1

0
λ0(s)ds

)

,

which makes a one-to-one transformation from (0, 1] onto (0, 1]. Denoting � =
{Q1, . . . , QM } with M := |�|, let T (�) := {T (Q1), . . . , T (QM)}. Since � is a Pois-
son process with intensity function λ0(t), it is readily seen that T (�) is a (homogeneous)
Poisson process with constant intensity λ. For given w > 0, consider the scan statistic Sw

applied to T (�), i.e.

Sw (T (�)) = max
0≤t≤1−w

|T (�) ∩ (t, t + w]|.

The (corrected) discrete approximations for P(Sw(T (�)) ≥ k) can be readily computed
via the Markov chain embedding method. Note that

Sw(T (�)) = max
0≤s≤1−w

| {T (Q1), . . . , T (QM)} ∩ (s, s + w]|
= max

0≤s≤1−w
| {Q1, . . . , QM } ∩ (T −1(s), T −1(s + w)]|

= max
0≤t≤T −1(1−w)

|� ∩ (t, T −1(T (t) + w)]|
= max

0≤t≤T −1(1−w)
|� ∩ (t, t + wT (t)]|,

where wT (t) = T −1(T (t) + w) − t , 0 ≤ t ≤ T −1(1 − w). This shows that Sw(T (�)) is
equivalent to the classic scan statistic applied to � with (time-varying) window size wT (t).
Furthermore, the window size wT (t) at t is small (large, resp.) if λ0 is large (small, resp.) in
the vicinity of t . It is also worth noting the relationship between Sw(T (�)) and the weighted
scan statistic proposed in Wu (2017).

Remark 3.3 In this paper, we have only considered approximating the unconditional prob-
ability P(Swr ≥ kr for some 1 ≤ r ≤ r∗) for multiple window scan statistics of general
one-dimensional Poisson processes. While, in principle, a discrete approximation to the
conditional probability P(Swr ≥ kr for some 1 ≤ r ≤ r∗ | |�| = N) can be made in a sim-
ilar fashion, it is unclear how to compute the resulting discrete approximation efficiently for
nonhomogeneous Poisson processes. In particular, the Markov chain embedding method is
not readily applicable to the setting of nonhomogeneous Poisson processes.
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4 Proofs of Lemmas 2.1 and 2.2

Proof of Lemma 2.1 Noting that An ⊂ A, we have α − αn = P(A) − P(An) = P(A ∩
Ac

n). Consider the following disjoint events

G1 = {Ĩ n
j ≤ 1, j = 1, . . . , n},

G2,i = {Ĩ n
i = 2, Ĩ n

j ≤ 1 for all j 
= i}, i = 1, . . . , n,

G3 = {Ĩ n
j = Ĩ n

j ′ = 2 for some j 
= j ′} ∪ {Ĩ n
j ≥ 3 for some j}.

We have

α − αn = P(A ∩ Ac
n)

= P(A ∩ Ac
n ∩ G1) +

n∑

i=1

P(A ∩ Ac
n ∩ G2,i ) + P(A ∩ Ac

n ∩ G3). (4.1)

By Eq. 4.1, the lemma follows if we can show that

P(A ∩ Ac
n ∩ G1) = 1

2

r∗
∑

r=1

n−nwr∑

i=1

P (n)
i,r + O(n−2), (4.2)

n∑

i=1

P(A ∩ Ac
n ∩ G2,i ) =

n∑

i=1

P̃ (n)
i + O(n−2), (4.3)

P(A ∩ Ac
n ∩ G3) = O(n−2). (4.4)

By condition (A), we have

P(Ĩ n
i = 2) = 1

2!
(
∫ i

n
i−1
n

λ(s)ds

)2

exp

(

− ∫ i
n
i−1
n

λ(s)ds

)

= O(n−2),

and P(Ĩ n
i = 3) = 1

3!
(
∫ i

n
i−1
n

λ(s)ds

)3

exp

(

− ∫ i
n
i−1
n

λ(s)ds

)

= O(n−3),

where theO(n−2) andO(n−3) terms are uniform in i, which implies that P(G3) = O(n−2).
This establishes (4.4).

To prove (4.2), note that when Ĩ n
i ≤ 1 for all i (i.e. on the event G1), each subinterval

((i − 1)/n, i/n] contains at most one Poisson point. If Ĩ n
i = 1, denote the only Poisson

point in ((i − 1)/n, i/n] by Q(i) whose location is distributed with the probability density
function

λ(x)

/∫ i
n

i−1
n

λ(s)ds, x ∈
(

i − 1

n
,

i

n

]

.

When Ĩ n
i ≤ 1 for all i, in order for A ∩ Ac

n to occur, there must exist some pair (i, r)

such that i + nwr ≤ n and

i+nwr−1∑

j=i+1

Ĩ n
j = kr − 2, Ĩ n

i = Ĩ n
i+nwr

= 1 and Q(i+nwr ) − Q(i) < wr .
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So we have A ∩ Ac
n ∩ G1 = ⋃r∗

r=1
⋃n−nwr

i=1 G(r)
1,i where for r = 1, . . . , r∗ and

i = 1, . . . , n − nwr ,

G(r)
1,i = Ac

n ∩
⎧
⎨

⎩
Ĩ n
j ≤ 1 for all j,

i+nwr−1∑

j=i+1

Ĩ n
j = kr − 2, Ĩ n

i = Ĩ n
i+nwr

= 1 and Q(i+nwr ) − Q(i) < wr

⎫
⎬

⎭
.

Letting Ĩ n
i = 0 for i > n, we have

∑

1≤i,j≤n

1≤r,s≤r∗
(i,r)
=(j,s)

P
(
Ĩ n
i = Ĩ n

i+nwr
= Ĩ n

j = Ĩ n
j+nws

= 1
)

= O(n−2).

It follows that

P(A ∩ Ac
n ∩ G1) =

r∗
∑

r=1

n−nwr∑

i=1

P(G(r)
1,i ) + O(n−2). (4.5)

For r = 1, . . . , r∗ and i = 1, . . . , n − nwr , let

G ′(r)
1,i = Ac

n ∩
⎧
⎨

⎩
Ĩ n
j ≤ 1 for all j,

i+nwr−1∑

j=i+1

Ĩ n
j = kr − 2, Ĩ n

i = Ĩ n
i+nwr

= 1

⎫
⎬

⎭
.

Note that Ĩ n
1 , . . . , Ĩ n

n are independent and that G ′(r)
1,i ∈ σ(Ĩ n

1 , . . . , Ĩ n
n ). Given Ĩ n

i = Ĩ n
i+nwr

=
1, Q(i) and Q(i+nwr ) are (conditionally) independent with joint probability density function

fQ(i),Q(i+nwr )
(x, y) = λ(x)λ(y)

(∫ i
n

i−1
n

λ(s)ds

)(∫ wr+ i
n

wr+ i−1
n

λ(s)ds

) ,
i − 1

n
< x <

i

n
, wr + i − 1

n
< y < wr + i

n
.

So,

P(G(r)
1,i | G ′(r)

1,i ) = P(Q(i+nwr ) − Q(i) < wr | G ′(r)
1,i )

=

∫ i
n

i−1
n

∫ wr+x

wr+ i−1
n

λ(x)λ(y)dydx

(∫ i
n

i−1
n

λ(s)ds

)(∫ wr+ i
n

wr+ i−1
n

λ(s)ds

)

= 1

2
+ O(n−1), (4.6)

for i /∈ Dr,n := {1 ≤ j ≤ n − nwr : (
j−1
n

,
j
n
) ∩ D 
= ∅ or (wr + j−1

n
, wr + j

n
) ∩ D 
= ∅}.

TheO(n−1) term in Eq. 4.6 is uniform in i ∈ {1, . . . , n − nwr }\Dr,n. Combining (4.5) and
(4.6) yields that

P(A ∩ Ac
n ∩ G1) =

r∗
∑

r=1

n−nwr∑

i=1

P(G(r)
1,i | G ′(r)

1,i )P (G ′(r)
1,i ) + O(n−2)

= 1

2

r∗
∑

r=1

n−nwr∑

i=1

P(G ′(r)
1,i ) + O(n−2). (4.7)
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For r = 1, . . . , r∗ and i = 1, . . . , n − nwr , define

G ′′(r)
1,i = Ac

n ∩
⎧
⎨

⎩

i+nwr−1∑

j=i+1

In
j = kr − 2, I n

i = In
i+nwr

= 1

⎫
⎬

⎭
,

so that P (n)
i,r = P(G ′′(r)

1,i ). Note that G ′′(r)
1,i ⊂ G ′′(r)

1,i and G ′′(r)
1,i \G ′(r)

1,i is contained in {In
i =

In
i+nwr

= 1, Ĩ n
j ≥ 2 for some j}, which has a probability of order n−3 uniformly in i. It

follows from Eq. 4.7 that

P(A ∩ Ac
n ∩ G1) = 1

2

r∗
∑

r=1

n−nwr∑

i=1

P(G ′′(r)
1,i ) + O(n−2)

= 1

2

r∗
∑

r=1

n−nwr∑

i=1

P (n)
i,r + O(n−2),

proving (4.2).
It remains to prove (4.3). Let H := {In

j = In
j+nwr

= 1 for some (j, r) with 1 ≤ j ≤
n − nwr and 1 ≤ r ≤ r∗}. On G2,i ∩ Hc, in order for A ∩ Ac

n to occur, there must exist
some pair (i′, r) with 1 ≤ i′ ≤ i ≤ i′ + nwr − 1 ≤ n and 1 ≤ r ≤ r∗ such that

i′+nwr−1∑

j=i′
In
j = kr − 1

⎛

⎝implying that
i′+nwr−1∑

j=i′
Ĩ n
j = kr

⎞

⎠ .

It follows thatA ∩ Ac
n ∩ G2,i ∩ Hc ⊂ G ′

2,i ⊂ A ∩ Ac
n ∩ G2,i , where

G′
2,i = Ac

n ∩
{

Ĩ n
i = 2, Ĩ n

j ≤ 1 for all j 
= i,

i′+nwr−1∑

j=i′
In
j = kr − 1 for some (i′, r) with 1 ≤ i′ ≤ i ≤ i′ + nwr − 1 ≤ n and 1 ≤ r ≤ r∗

}

.

Since P(G2,i ∩ H) = O(n−3), we have
∑n

i=1 P(G2,i ∩ H) = O(n−2), implying that

n∑

i=1

P(A ∩ Ac
n ∩ G2,i ) =

n∑

i=1

P
(
G ′
2,i

) + O(n−2). (4.8)

Letting

G ′′
2,i = Ac

n ∩
{

Ĩ n
i = 2,

i′+nwr−1∑

j=i′
In
j = kr − 1 for some (i′, r)

with 1 ≤ i′ ≤ i ≤ i′ + nwr − 1 ≤ n and 1 ≤ r ≤ r∗
}

,
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we have P̃ (n)
i = P(G ′′

2,i ). Note that G ′
2,i ⊂ G ′′

2,i and G ′′
2,i\G ′

2,i is contained in

{Ĩ n
i = 2, Ĩ n

j ≥ 2 for some j 
= i}, which has a probability of order n−3 uniformly in i.

Hence, P
(
G ′
2,i

)
= P(G ′′

2,i ) + O(n−3) = P̃ (n)
i + O(n−3), which together with Eq. 4.8

implies that
n∑

i=1

P(A ∩ Ac
n ∩ G2,i ) =

n∑

i=1

P̃ (n)
i + O(n−2),

proving (4.3). The proof is complete.

Proof of Lemma 2.2 Let Ln
1, L

n
2, . . . , L

n
n be independent Bernoulli random variables such

that Ln
i , I

n
i , i = 1, . . . , n, are all independent and

P(Ln
i = 0) =

(

1 −
∫ i

n

i−1
n

λ(s)ds

)

exp

(∫ i
n

i−1
n

λ(s)ds

)

:= �i

and P(Ln
i = 1) = 1 − P(Ln

i = 0) = 1 − �i . (Note that all �i are between 0 and 1 for large
n.) Set L̃n

i = max{In
i , Ln

i }, i = 1, . . . , n, and let

B̃n =
r∗
⋃

r=1

⎧
⎨

⎩
max

i=1,...,n−nwr+1

i+nwr−1∑

j=i

L̃n
j ≥ kr

⎫
⎬

⎭
.

Since

P(L̃n
i = 0) = P(In

i = 0 and Ln
i = 0) = 1 −

∫ i
n

i−1
n

λ(s)ds = P(Hn
i = 0),

we have L(L̃n
1, L̃

n
2, . . . , L̃

n
n) = L(Hn

1 , Hn
2 , . . . , Hn

n ) where L(Z) denotes the law of a
random vector Z. So,

βn = P(Bn) = P(B̃n). (4.9)

Let Sn
0 = 0 and Sn

j = ∑j

i=1 Ln
i , j = 1, . . . , n. Claim that

P(Sn
n = 0) = 1 − 1

2n

∫ 1

0
λ2(s)ds + O(n−2), (4.10)

P(Sn
n = 1) = 1

2n

∫ 1

0
λ2(s)ds + O(n−2), (4.11)

and P(Sn
n ≥ 2) = O(n−2). (4.12)

To see this, note that

�i =
(

1 −
∫ i

n

i−1
n

λ(s)ds

)

exp

(∫ i
n

i−1
n

λ(s)ds

)

=
(

1 −
∫ i

n

i−1
n

λ(s)ds

)⎡

⎣1 +
∫ i

n

i−1
n

λ(s)ds + 1

2

(∫ i
n

i−1
n

λ(s)ds

)2

+ O(n−3)

⎤

⎦

= 1 − 1

2

(∫ i
n

i−1
n

λ(s)ds

)2

+ O(n−3),
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where theO(n−3) term is uniform in i, implying that

P(Sn
n = 0) =

n∏

i=1

�i

= exp

⎡

⎣
n∑

i=1

log

⎛

⎝1 − 1

2

(∫ i
n

i−1
n

λ(s)ds

)2

+ O(n−3)

⎞

⎠

⎤

⎦

= exp

⎡

⎣
n∑

i=1

⎛

⎝−1

2

(∫ i
n

i−1
n

λ(s)ds

)2

+ O(n−3)

⎞

⎠

⎤

⎦

= exp

⎡

⎣−1

2

n∑

i=1

(∫ i
n

i−1
n

λ(s)ds

)2

+ O(n−2)

⎤

⎦

= 1 − 1

2

n∑

i=1

(∫ i
n

i−1
n

λ(s)ds

)2

+ O(n−2). (4.13)

By condition (A),

n∑

i=1

(∫ i
n

i−1
n

λ(s)ds

)2

= 1

n

∫ 1

0
λ2(s)ds + O(n−2). (4.14)

Combining (4.13) and (4.14) yields (4.10).
Furthermore, we have P(Ln

i = 1) = 1 − �i = O(n−2) uniformly in i, so that

P(Sn
n ≥ 2) ≤

∑

1≤i<j≤n

P (Ln
i = Ln

j = 1) = O(n−2),

and

P(Sn
n = 1) = 1 − P(Sn

n = 0) − P(Sn
n ≥ 2)

= 1 −
(

1 − 1

2n

∫ 1

0
λ2(s)ds + O(n−2)

)

+ O(n−2)

= 1

2n

∫ 1

0
λ2(s)ds + O(n−2),

establishing (4.11) and (4.12).
Noting that B̃n ∩ {Sn

n = 0} = An ∩ {Sn
n = 0}, we have by Eqs. 4.10–4.12,

P(B̃n) = P(B̃n | Sn
n = 0)P (Sn

n = 0) + P(B̃n | Sn
n = 1)P (Sn

n = 1) + P(B̃n | Sn
n ≥ 2)P (Sn

n ≥ 2)

= P(An | Sn
n = 0)P (Sn

n = 0) + 1

2n

(∫ 1

0
λ2(s)ds

)

P(B̃n | Sn
n = 1) + O(n−2)

= αn

(

1 − 1

2n

∫ 1

0
λ2(s)ds

)

+ 1

2n

(∫ 1

0
λ2(s)ds

)

P(B̃n | Sn
n = 1) + O(n−2), (4.15)
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where the last equality follows from the fact P(An | Sn
n = 0) = P(An) = αn (since the

Ln
i ’s and In

i ’s are independent). By Eqs. 4.9, and 4.15 and the fact that limn→∞ αn = α, to
complete the proof, it remains to show

lim
n→∞ P(B̃n | Sn

n = 1) =
∫ 1

0
f (u)P (E(u)) du. (4.16)

To prove (4.16), let Q be a random point in (0, 1], which is independent of � and has
the probability density function f . For i = 1, 2, . . . , n − 1, let qi,n satisfy

P(Q ≤ qi,n) = P(Sn
i = 1 | Sn

n = 1).

Clearly, q0,n = 0 < q1,n < · · · < qn−1,n < 1 = qn,n, and

P(qi−1,n < Q ≤ qi,n) = P(Sn
i = 1 | Sn

n = 1) − P(Sn
i−1 = 1 | Sn

n = 1)

= P(Ln
i = 1 | Sn

n = 1).

We claim that

max
1≤i≤n

∣
∣
∣qi,n − i

n

∣
∣
∣ = max

1≤i≤n−1

∣
∣
∣qi,n − i

n

∣
∣
∣ → 0 as n → ∞. (4.17)

To establish the claim, note that Eqs. 4.10–4.12 can be readily extended to

P(Sn�nv� − Sn�nu� = 0) = 1 − 1

2n

∫ v

u

λ2(s)ds + O(n−2),

P (Sn�nv� − Sn�nu� = 1) = 1

2n

∫ v

u

λ2(s)ds + O(n−2),

P (Sn�nv� − Sn�nu� ≥ 2) = O(n−2),

where 0 ≤ u < v ≤ 1 and �x� denotes the largest integer not exceeding x. As a
consequence,

lim
n→∞ P(Sn�nv� = 1 | Sn

n = 1) =
∫ v

0 λ2(s)ds
∫ 1
0 λ2(s)ds

= P(Q ≤ v)

for 0 < v ≤ 1. For a fixed (large) N ,

lim
n→∞ P(Sn

�nj/N� = 1 | Sn
n = 1) = P(Q ≤ j/N) for j = 1, . . . , N − 1. (4.18)

By Eq. 4.18, there exists an n0 > 0 such that

P(Q ≤ max{(j − 1)/N, 0}) ≤ P(Sn�nj/N� = 1 | Sn
n = 1) ≤ P(Q ≤ min{(j + 1)/N, 1})

(4.19)
for j = 0, 1, . . . , N and n ≥ n0. For n ≥ n0, for each i = 1, 2, . . . , n − 1, there is a
j ∈ {1, 2, . . . , N} such that j−1

N
< i

n
≤ j

N
, so that by Eq. 4.19

P(Q ≤ qi,n) = P(Sn
i = 1 | Sn

n = 1)

≤ P(Sn
�nj/N� = 1 | Sn

n = 1)

≤ P(Q ≤ min{(j + 1)/N, 1}) (4.20)

and

P(Q ≤ qi,n) = P(Sn
i = 1 | Sn

n = 1)

≥ P(Sn
�n(j−1)/N� = 1 | Sn

n = 1)

≥ P(Q ≤ max{(j − 2)/N, 0}). (4.21)
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By Eqs. 4.20 and 4.21, we have

max

{
j − 2

N
, 0

}

≤ qi,n ≤ min

{
j + 1

N
, 1

}

,

which together with j−1
N

< i
n

≤ j
N

implies that
∣
∣qi,n − i

n

∣
∣ ≤ 2

N
. So,

max
1≤i≤n−1

∣
∣
∣qi,n − i

n

∣
∣
∣ ≤ 2

N
for n ≥ n0.

Since N can be chosen arbitrarily large, Eq. 4.17 follows.
Let Qn = i/n if qi−1,n < Q ≤ qi,n. Then Qn → Q a.s. as n → ∞. Let I ′n

i =
1{(� ∪ {Qn}) ∩ ( i−1

n
, i

n
] 
= ∅}, i = 1, 2, . . . , n. Since Qn is independent of � and since

P(Qn = i/n) = P(qi−1,n < Q ≤ qi,n) = P(Ln
i = 1 | Sn

n = 1), it follows that

L(I ′n
1 , . . . , I ′n

n ) = L(L̃n
1, . . . , L̃

n
n | Sn

n = 1).

Letting

B̃′
n =

r∗
⋃

r=1

⎧
⎨

⎩
max

i=1,...,n−nwr+1

i+nwr−1∑

j=i

I ′n
j ≥ kr

⎫
⎬

⎭
,

we have
P(B̃′

n) = P(B̃n | Sn
n = 1).

Since 1B̃′
n
converges a.s. to 1{max0≤t≤1−wr |(� ∪ {Q}) ∩ (t, t + wr ]| ≥ kr for some 1 ≤

r ≤ r∗},
lim

n→∞ P(B̃n | Sn
n = 1) = lim

n→∞ P(B̃′
n)

= P

⎛

⎝
r∗
⋃

r=1

{

max
0≤t≤1−wr

|(� ∪ {Q}) ∩ (t, t + wr ]| ≥ kr

}
⎞

⎠

=
∫ 1

0
f (u)P (E(u))du,

proving (4.16). The proof is complete.
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